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Abstract
We show that the K¨ ahler-Ricci ﬂow on an algebraic manifold of positive Kodaira di-
mension and semi-ample canonical line bundle converges to a unique canonical metric on
its canonical model. It is also shown that there exists a canonical measure of analytic Zariski
decomposition on an algebraic manifold of positive Kodaira dimension. Such a canonical
measure is unique and invariant under birational transformations under the assumption of
the ﬁnite generation of canonical rings.
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11 Introduction
It has been the subject of intensive study over the last few decades to study the existence of
K¨ ahler-Einstein metrics on a compact K¨ ahler manifold, following Yau’s solution to the Calabi
conjecture (cf. [Ya2], [Au], [Ti2], [Ti3]). The Ricci ﬂow (cf. [Ha, Ch]) provides a canonical
deformation of K¨ ahler metrics in K¨ ahler geometry. Cao [Ca] gave an alternative proof of the
existence of K¨ ahler-Einstein metrics on a compact K¨ ahler manifold with trivial or negative ﬁrst
Chern class by the K¨ ahler-Ricci ﬂow. However, most algebraic manifolds do not have a deﬁnite
or trivial ﬁrst Chern class. It is a natural question to ask if there exist any well-deﬁned canonical
metrics on these manifolds or on varieties canonically associated to them. Tsuji [Ts1] applied
the K¨ ahler-Ricci ﬂow and proved the existence of a canonical singular K¨ ahler-Einstein metric on
a minimal algebraic manifold of general type. It was the ﬁrst attempt to relate the K¨ ahler-Ricci
ﬂow and canonical metrics to the minimal model program. Since then, many interesting results
have been achieved in this direction. The long time existence of the K¨ ahler-Ricci ﬂow on a min-
imal algebraic manifold with any initial K¨ ahler metric is established in [TiZha]. The regularity
problem of the canonical singular K¨ ahler-Einstein metrics on minimal algebraic manifolds of
general type is intensively studied in [Zh, EyGuZe1].
In this paper, we propose a program of ﬁnding canonical measures on algebraic varieties
of positive Kodaira dimension. Such a canonical measure can be considered as a birational
invariant and it induces a canonical singular metric on the canonical model, generalizing the
notion of K¨ ahler-Einstein metrics.
Let X be an n-dimensional compact K¨ ahler manifold. A K¨ ahler metric can be given by its
K¨ ahler form ! on X. In local coordinates z1;:::;zn, we can write ! as
! =
p
 1
n X
i;j=1
gi jdzi ^ dz j;
where fgi jg is a positive deﬁnite hermitian matrix function. Consider the normalized K¨ ahler-
Ricci ﬂow 8
> <
> :
@!(t;)
@t
=  Ric(!(t;))   !(t;);
!(0;) = !0;
(1.1)
where !(t;) is a family of K¨ ahler metrics on X, Ric(!(t;)) denotes the Ricci curvature of
!(t;) and !0 is a given K¨ ahler metric.
Let X be a minimal algebraic manifold. If the canonical line bundle KX of X is ample and
!0 represents [KX], it is proved in [Ca] that (1.1) has a global solution !(t;) for all t  0 and
!(t;) converges to a unique K¨ ahler-Einstein metric of on X. Tsuji showed in [Ts1] that (1.1)
has a global solution !(t;) under the assumption that the initial K¨ ahler class [!0] > [KX]. This
additional assumption was removed in [TiZha], moreover, if KX is also big, !(t;) converges
to a singular K¨ ahler-Einstein metric with locally bounded K¨ ahler potential as t tends to 1 (see
[Ts1, TiZha]).
If KX is not big, the Kodaira dimension of X is smaller than its complex dimension. In
particular, when X is a minimal K¨ ahler surface of Kodaira dimension 1, it must be a minimal
elliptic surface and does not admit any K¨ ahler-Einstein current in  c1(X), with bounded local
2potential smooth outside a subvariety. Hence, one does not expect that !(t;) converges to a
smooth K¨ ahler-Einstein metric outside a subvariety of X in general.
Let f : X ! Xcan be a minimal elliptic surface of kod(X) = 1. Suppose all the singular
ﬁbres are given by Xs1 = f 1(s1), ... , Xsk = f 1(sk) of multiplicity mi 2 N, i = 1;:::;k.
In [SoTi], the authors proved that the K¨ ahler-Ricci ﬂow on X converges for any initial K¨ ahler
metric to a positive current !can on the canonical model Xcan satisfying
Ric(!can) =  !can + !WP + 2
k X
i=1
mi   1
mi
[si]; (1.2)
where !WP is the induced Weil-Petersson metric and [si] is the current of integration associated
to the divisor si on Xcan. !can is called a generalized K¨ ahler-Einstein metric on Xcan. Moreover,
the K¨ ahler-Ricci ﬂow is collapsing onto Xcan exponentially fast with uniformly bounded scalar
curvature away from the singular ﬁbres.
The ﬁrst result of this paper is to generalize the above convergence result on the K¨ ahler-Ricci
ﬂow to algebraic manifolds of positive Kodaira dimension and semi-ample canonical bundle.
Let X be an n-dimensional algebraic manifold of Kodaira dimension 0 <  < n. We
assume that canonical line bundle KX is semi-ample, then the canonical ring R(X;KX) is
ﬁnitely generated and the pluricanonical system induces an algebraic ﬁbre space f : X ! Xcan.
Each nonsingular ﬁbre of f is a nonsingular Calabi-Yau manifold. We denote by X
can the set of
all nonsingular points s 2 Xcan such that f 1(s) is a nonsingular ﬁbre and let X = f 1(X
can).
The L2-metric on the moduli space of nonsingular Calabi-Yau manifolds induces a semi-positive
(1;1)-form !WP of Weil-Petersson type on X
can. We will study the K¨ ahler-Ricci ﬂow starting
from any K¨ ahler metric and describe its limiting behavior as time goes to inﬁnity.
Theorem A Let X be a nonsingular algebraic variety with semi-ample canonical line bundle
KX and so X admits an algebraic ﬁbration f : X ! Xcan over its canonical model Xcan.
Suppose 0 < dimXcan =  < dimX = n. Then for any initial K¨ ahler metric, the K¨ ahler-Ricci
ﬂow (1.1) has a global solution !(t;) for all time t 2 [0;1) satisfying:
1. !(t;) converges to f!can 2  2c1(X) as currents for a positive closed (1;1)-current
!can on Xcan with continuous local potential.
2. !can is smooth on X
can and satisﬁes the generalized K¨ ahler-Einstein equation on X
can
Ric(!can) =  !can + !WP: (1.3)
3. for any compact subset K 2 X
can, there is a constant CK such that
jjR(t;)jjL1(f 1(K)) + e
(n )t sup
s2K
jj!
n (t;)jXsjjL1(Xs)  CK; (1.4)
where Xs = f 1(s).
Therefore, the K¨ ahler-Ricci collapses onto the canonical model with bounded scalar curva-
ture away from the singular ﬁbres and the volume of each nonsingular ﬁbre tends to 0 expo-
nentially fast. In fact, the local potential of !(t;) converges on X locally in C0-topology (cf.
3Proposition 5.4). It should also converge locally in C1;1-topology on X as in the surface case
(cf. [SoTi]) and this will be studied in detail in a forthcoming paper.
Similar phenomena also appears in the real setting as a special type-III Ricci ﬂow solution
without the presence of singular ﬁbres. It is discovered and intensively studied in [Lo].
The abundance conjecture in algebraic geometry predicts that the canonical line bundle is
semi-ample if it is nef. If the abundance conjecture is true, then Theorem A immediately implies
that on all nonsingular minimal models of positive Kodaira dimension the K¨ ahler-Ricci ﬂow
converges to a unique canonical metric on their canonical model.
In general, the canonical line bundle of an algebraic manifold of positive Kodaira dimension
is not necessarily semi-ample or even nef. The minimal model program in birational geometry
deals with the classiﬁcation of algebraic varieties and aims to choose a minimal model in each
birational equivalence class. Tsuji claimed in [Ts3] that there exists a singular K¨ ahler-Einstein
metric of analytic Zariski decomposition on algebraic manifolds of general type without assum-
ing the ﬁnite generation of the canonical ring. Such a metric is constructed through a family of
K¨ ahler-Einstein metrics as the limits of a parabolic Monge-Amp` ere equation of Dirichlet type.
The approach is interesting but rather complicated. The recent exciting development in the study
of degenerate complex Monge-Amp` ere equations (cf. [Kol1, Zh, EyGuZe1]) enables the authors
to give an independent and correct proof.
Theorem B.1 Let X be an algebraic manifold of general type. Then there exists a measure

KE on X such that
1. (KX;

 1
KE) is an analytic Zariski decomposition.
2. Let !KE =
p
 1@@ log
KE be the closed positive (1;1) current on X. Then there exists
a non-empty Zariski open subset U of X such that Ric(!KE) =
p
 1@@ log(!KE)n is
well-deﬁned on U and
Ric(!KE) =  !KE:
The proof of Theorem B.1 is given in Section 4.3. The existence of such a canonical K¨ ahler-
Einstein metric is also considered by Siu in [Si1] as an alternative approach to attack the problem
of the ﬁnite generation of canonical rings. A degenerate Monge-Amp` ere equation of Dirichlet
type is considered and the solution is expected to be unique. Indeed, if the canonical rings
are ﬁnitely generated, such a solution coincide with the K¨ ahler-Einstein metrics constructed in
Theorem B.1. We hope that Theorem B.1 might help to gain more understanding of the ﬁnite
generation of canonical rings from an analytic point of view. Theorem B.1 can be generalized
to algebraic manifolds of positive Kodaira dimension.
Theorem B.2 Let X be an n-dimensional algebraic manifold of Kodaira dimension 0 <  < n.
There exists a measure 
can on X bounded above such that (KX;
 1
can) is an analytic Zariski
decomposition. Let y : Xy ! Y y be any Iitaka ﬁbration of X with y : Xy ! X and

y = (y)
can . Then
1.

KXy;
 

y 1
is an analytic Zariski decomposition.
42. There exists a closed positive (1;1)-current !y on Y y such that
 
y !y =
p
 1@@ log
y
on a Zariski open set of Xy. Furthermore, we have
(!
y)
 = (
y)

y; (1.5)
on Y y and so on a Zariski open set of Y y,
Ric(!
y) =  !
y + !WP: (1.6)
The deﬁnition of !WP in Theorem B.2 is given in Section 4.4 and it is a generalization of
the Weil-Petersson form induced from an algebraic deformation space of algebraic manifolds of
Kodaira dimension 0.
In fact, the hermitian metric 
 1
can (also 

 1
KE) on KX constructed in the proof of Theorem
B.2 (also Theorem B.1) has stronger properties than the analytic Zariski decomposition. Let
	X; =
1 X
m=1
dm X
j=0
m;jjm;jj
2
m;
where fm;jg
dm
j=0 spans H0(X;mKX) and fm;j > 0g is a sequence such that 	X; is convergent.
	X; is a measure or a semi-positive (n;n)-current on X. Then from the construction of 
can in
the proof of Theorem B.2 (also Theorem B.1)
	X;

can
< 1: (1.7)
If the canonical ring R(X;KX) is ﬁnitely generated, one can replace 	X; by
	X =
M X
m=0
dm X
j=0
jm;jj
2
m
for some M sufﬁciently large.
Recently, the ﬁnite generation of canonical rings on algebraic varieties of general type was
proved independently by [BiCaHaMc] and [Si2]. By assuming the ﬁnite generation of canonical
rings, Theorem B.1 and B.2 can be strengthened and the proof can be very much simpliﬁed. It
turns out that the canonical measure in Theorem B.1 and B.2 is unique and invariant under
birational transformations.
Theorem C.1 Let X be an algebraic manifold of general type. If the canonical ring R(X;KX)
is ﬁnitely generated, the K¨ ahler-Einstein measure constructed in Theorem B.1 is continuous on
X andsmoothonaZariskiopensetofX. Furthermore, itisthepullbackoftheuniquecanonical
K¨ ahler-Einstein measure 
KE from Xcan satisfying
(
p
 1@@ log
KE)
n = 
KE: (1.8)
5TheuniqueK¨ ahler-EinsteinmetricwithcontinuouslocalpotentialandtheassociatedK¨ ahler-
Einstein measure on the canonical model Xcan is constructed in [EyGuZe1]. The K¨ ahler-
Einstein measure in Theorem C.1 is invariant under birational transformations and so it can
be considered as a birational invariant. Theorem C.1 can also be generalized to all algebraic
manifolds of positive Kodaira dimension.
Theorem C.2 Let X be an n-dimensional algebraic manifold of Kodaira dimension 0 <  <
n. If the canonical ring R(X;KX) is ﬁnitely generated, then there exists a unique canonical
measure 
can on X satisfying
1. 0 <
	X

can < 1.
2. 
can is continuous on X and smooth on a Zariski open set of X.
3. Let  : X 99K Xcan be the pluricanonical map. Then there exists a unique closed
positive (1;1)-current !can with bounded local potential on Xcan such that !can = p
 1@@ log
can outside the base locus of the pluricanonical system. Furthermore, on
Xcan
(!can)
 = 
can;
and
Ric(!can) =  !can +  !WP:
In particular, 
can is invariant under birational transformations.
 !WP is deﬁned in Section 4.5 (cf. Deﬁnition 4.2) and it coincides with !WP in Theorem B.2
on a Zariski open set of Xcan by choosing Y y to be Xcan. Theorem C.1 and Theorem 3.2 are
proved in Section 4.5.
2 Preliminaries
2.1 Kodaira dimension and semi-ample ﬁbrations
Let X be an n-dimensional compact complex algebraic manifold and L ! X a holomorphic
line bundle over X. Let N(L) be the semi-group deﬁned by
N(L) = fm 2 N j H
0(X;L
m) 6= 0g:
Given any m 2 N(L), the linear system jLmj = PH0(X;Lm) induces a rational map m
m : X 99K CP
dm
by any basis fm;0; m;1; ::: ;m;dmg of H0(X;Lm)
m(z) = [m;0; m;1; ::: ;m;dm(z)];
where dm + 1 = dimH0(X;Lm). Let Ym = m(X)  CP
dm be the image of the closure of
the graph of m.
6Deﬁnition 2.1 The Iitaka dimension of L is deﬁned to be
(X;L) = max
m2N(L)
fdimYmg
if N(L) 6= , and (X;L) =  1 if N(L) = .
Deﬁnition 2.2 Let X be an algebraic manifold and KX the canonical line bundle over X. Then
the Kodaira dimension kod(X) of X is deﬁned to be
kod(X) = (X;KX):
The Kodaira dimension is a birational invariant of an algebraic variety and the Kodaira di-
mension of a singular variety is equal to that of its smooth model.
Deﬁnition 2.3 Let L ! X be a holomorphic line bundle over a compact algebraic manifold
X. L is called semi-ample if Lm is globally generated for some m > 0.
For any m 2 N such that Lm is globally generated, the linear system jLmj induces a holo-
morphic map m
m : X ! CP
dm
by any basis of H0(X;Lm). Let Ym = m(X) and so m can be considered as
m : X ! Ym:
The following theorem is well-known (cf. [La, Ue]).
Theorem 2.1 Let L ! X be a semi-ample line bundle over an algebraic manifold X. Then
there is an algebraic ﬁbre space
1 : X ! Y
such that for any sufﬁciently large integer m with Lm being globally generated,
Ym = Y and m = 1;
where Y is a normal algebraic variety. Furthermore, there exists an ample line bundle A on Y
such that Lm = (1)A.
If L is semi-ample, the graded ring R(X;L) = m0H0(X;Lm) is ﬁnitely generated and
so R(X;L) = m0H0(X;Lm) is the coordinate ring of Y .
Deﬁnition 2.4 Let L ! X be a semi-ample line bundle over an algebraic manifold X. Then the
algebraic ﬁbre space 1 : X ! Y as in Theorem 2.1 is called the Iitaka ﬁbration associated
to L and it is completely determined by the linear system jLmj for sufﬁciently large m.
In particular, if the canonical bundle KX is semi-ample, the algebraic ﬁbre space associated
to KX
f : X ! Xcan
is called the Iitaka ﬁbration of X, where f = 1 and Xcan is called the canonical model of X.
72.2 Iitaka ﬁbrations
In general, the canonical line bundle is not necessarily semi-ample, and the asymptotic behavior
of the pluricanonical maps is characterized by the following fundamental theorem on Kodaira
dimensions due to Iitaka (cf. [Ue]).
Theorem 2.2 Let X be an n-dimensional algebraic manifold of positive Kodaira dimension.
Then for all sufﬁciently large m 2 N(KX), the pluricanonical maps m : X ! Ym are
birationally equivalent to an algebraic ﬁbre space

y : X
y ! Y
y
unique up to birational equivalence satisfying
1. There exists a commutative diagram for sufﬁciently large m 2 N(KX)
X X
y
Ym Y
y
pppppppp?
m
y
?
y
p p p p p p p 
m
(2.1)
of rational maps with y and m being birational.
2. dimY y = kod(X).
3. A very general ﬁbre of y has Kodaira dimension 0.
2.3 Analytic Zariski decomposition
Let X be a compact complex manifold and L be a holomorphic line bundle on X equipped with
a smooth hermitian metric h0.
A singular hermitian metric h on L is given by
h = h0e
 '
for some ' 2 L1(M).
Let h0 be the curvature of h0 deﬁned by
h0 =  
p
 1@@ logh0:
Then the curvature h of h as a current is deﬁned by
h = h0 +
p
 1@@':
Deﬁnition 2.5 L is called pseudoeffective if there exists a singular hermitian metric h on L such
that the curvature h is a closed positive current. Let
Ph0(X) = f' 2 L
1(X) j h0 +
p
 1@@'  0 as currentg:
8Deﬁnition 2.6 Let ' 2 Ph0(X) and h = h0e '. The multiplier ideal sheaf I(h)  OX(L) or
I(') is deﬁned by
 (U;I(h)) = ff 2  (U;OX(L)) j jfj
2
h0e
 ' 2 L
1
loc(U)g:
The notion of analytic Zariski decomposition is an analytic analog of Zariski decomposition
and it is introduced in [Ts1] to study a pseudoeffective line bundle.
Deﬁnition 2.7 A singular hermitian metric h on L is an analytic Zariski decomposition if
1. h is a closed semi-positive current,
2. for every m  0, the natural inclusion
H
0(X;OX(mL) 
 I(h
m)) ! H
0(X;OX(mL))
is an isomorphism.
2.4 Complex Monge-Amp` ere equations
Let X be an n-dimensional K¨ ahler manifold and let ! be a smooth closed semi-positive (1;1)-
form. ! is K¨ ahler if it is positive and ! is called big if [!]n =
R
X !n > 0.
Deﬁnition 2.8 A quasi-plurisubharmonic function associated to ! is a function ' : X !
[ 1;1) such that for any smooth local potential   of !,   + ' is plurisubharmonic. We
denote by PSH(X;!) the set of all quasi-plurisubharmonic functions associated to ! on X.
Thefollowingcomparisonprincipleforquasi-plurisubhharmonicfunctionsoncompactK¨ ahler
manifolds is well-known.
Theorem 2.3 Let X be an n-dimensional K¨ ahler manifold. Suppose ';   2 PSH(X;!) \
L1(X) for a big smooth closed semi-positive (1;1)-form !. Then
Z
'< 
(! +
p
 1@@ )
n 
Z
'< 
(! +
p
 1@@)
n:
In [Kol1], Kolodziej proved the fundamental theorem on the existence of continuous solu-
tions to the Monge-Amp` ere equation (! +
p
 1@@')n = F!n, where ! is a K¨ ahler form and
F 2 Lp(X;!n) for some p > 1. Its generalization was independently carried out in [Zh] and
[EyGuZe1]. They proved that there is a bounded solution when ! is semi-positive and big. A
detailed proof for the continuity of the solution was given in [DiZh] (also see [Zh] for an earlier
and sketched proof). These generalizations are summarized in the following.
Theorem 2.4 Let X be an n-dimensional K¨ ahler manifold and let ! be a big smooth closed
semi-positive(1;1)-form. ThenthereexistsauniquecontinuoussolutiontothefollowingMonge-
Amp` ere equation
(! +
p
 1@@')
n = F
;
where 
 > 0 is a smooth volume form on X, F 2 Lp(X;
) for some p > 1 and
R
X F
 = R
X !n.
9Recently, Demailly and Pali proved the following uniform estimate and we refer the readers
to the general statement in [DePa]. Such an L1-estimate is also independently obtained in
[EyGuZe2].
Theorem 2.5 Let X be an n-dimensional K¨ ahler manifold. Let 
 > 0 be a smooth volume
form and ! a K¨ ahler form on X. Suppose  is a smooth semi-positive closed (1;1)-form . Let
!t = +t! for t 2 (0;1). 't 2 PSH(X;!t)\L1(X) be a solution of the degenerate complex
Monge-Amp` ere equation (!t +
p
 1@@'t)n = Ft
 with Ft 2 Lp(X) for some p > 1. Suppose
Z
X

Ft
[!t]n
p

  A:
Then for t 2 (0;1],
sup
X
't   inf
X
't  C(
;!;;p;A):
The estimate in Theorem 2.5 assumes very weak dependence on the reference form ! and
it is essential in deriving the C0-estimate for the K¨ ahler-Ricci ﬂow on algebraic manifolds with
positive Kodaira dimension and semi-ample canonical line bundle (cf. Section 5.2).
3 Canonical metrics for semi-ample canonical bundle
3.1 Canonical metrics on canonical models
Let X be an n-dimensional complex algebraic manifold with semi-ample canonical line bundle
KX. Fix m 2 N(KX) sufﬁciently large and let f = m, the Iitaka ﬁbration of X is then given
by the following holomorphic map
f : X ! Xcan  CP
dm:
We assume that 0 <  = kod(X) < n and so X is an algebraic ﬁbre space over Xcan. Let
X

can = fy 2 Xcan j y is a nonsingular and Xy = f
 1(s) is nonsingular breg
and X = f 1(X
can). The following proposition is well-known.
Proposition 3.1 We have
KX =
1
m
f
O(1):
For all y 2 X
can, KXy is numerically trivial and so c1(Xy) = 0.
Thus X can be considered as a holomorphic ﬁbration of polarized Calabi-Yau manifolds
over its canonical model Xcan. Since f : X ! Xcan 2 CP
dm and  c1(X) = 1
m[fO(1)], we
can deﬁne
 =
1
m
p
 1@@ log
dm X
j=0
jm;jj
2 2  2c1(X)
10asamultipleofthepulledbackFubini-StudymetriconCP
dm byabasisfm;jg
dm
j=0  H0(X;Km
X).
We can also consider  as the restriction of the multiple of the Fubini-Study metric on the
normal variety Xcan and we identify  and f for convenience.
Let 
 =
Pdm
j=0 jm;jj
2. Since Km
X is base point free, 
 is a smooth nondegenerate volume
form on X such that p
 1@@ log
 = :
Deﬁnition 3.1 The pushforward f
 with respect to the holomorphic map f : X ! Xcan is
deﬁned as currents as the following. For any continuous function   on Xcan
Z
Xcan
 f
 =
Z
X
(f
 )
:
Lemma 3.1 On X
can,
f
 =
Z
Xy

:
Deﬁnition 3.2 We deﬁne a function F on Xcan by
F =
f

 : (3.1)
Lemma 3.2 Given any K¨ ahler class [!] on X, there is a smooth function   on X such that
!SF := ! +
p
 1@@  is a closed semi-ﬂat (1;1)-form in the following sense: the restriction of
!SF to each smooth Xy  X is a Ricci ﬂat K¨ ahler metric.
Proof For each y 2 X
can, let !y be the restriction of ! to Xy and @V and @V be the restriction
of @ and @ to Xy. Then by the Hodge theory, there is a unique function hy on Xy deﬁned by
8
<
:
@V@Vhy =  @V@V log!n 
y ;
R
Xy ehy!n 
y =
R
Xy !n 
y :
(3.2)
By Yau’s solution to the Calabi conjecture, there is a unique  y solving the following Monge-
Amp` ere equation 8
> <
> :
(!y+
p
 1@V @V  y)n 
!n 
y = ehy
R
Xy  y!n 
y = 0:
(3.3)
Since f is holomorphic,  (z;s) =  y(z) is well-deﬁned as a smooth function on X.
2
For each y 2 X
can, there exists a holomorphic (n   ;0) form  on Xy such that  ^  is a
Calabi-Yau volume form and
R
Xy  ^  =
R
Xy
 
!jXy
n .
11Deﬁnition 3.3 The closed (n   ;n   )-current  on X is deﬁned to be
 = (!SF)
n  : (3.4)
Let y = jXy for y 2 X
can be the restriction of  on a nonsingular ﬁbre Xy. Then y is a
smooth Calabi-Yau volume form with
Z
Xy
y = [!]
n   Xy = constant:
We can always scale [!] such that [!]n   Xy = 1 for y 2 X
can.
Lemma 3.3 On X, we have
f
F =



 ^ 

: (3.5)
Furthermore,  can be extended to X as current such that fF =



^

on X.
Proof Let F =



^

be deﬁned on X. We ﬁrst show that F is constant along each ﬁbre Xy
for y 2 X
can.
Since  is the pullback from Xcan, we have
p
 1@V@V log
 =
p
 1@V@V log ^ 
 = 0
on each nonsingular ﬁbre Xy. On the other hand, F is smooth on each Xy for y 2 X
can,
therefore F is constant along Xy and F can be considered as the pullback of a function from
X
can.
Now we can show (3.5). Let   be any smooth test function on X
can. Let y0 be a ﬁxed point
in X
can.
Z
X
can
 F
 =
Z
X
can
 f
 =
Z
y2X
can
 
 Z
Xy


!
=
Z
X
 

On the other hand,
Z
X
can
 F
 =
Z
y2X
can
 



 ^ 
 Z
Xy
y
!


=
Z
y2X
can
Z
Xy
 



 ^ 

y ^ 

=
Z
X
 
:
Therefore fF = F.
Let  0 be any smooth test function on X.  can be extended as current to X such that
12Z
X
 
0f
F ^ 
 =
Z
X
 
0
:
2
Proposition 3.2 F is smooth on X
can and there exists  > 0 such that
F 2 L
1+(Xcan):
Proof Calculate
Z
Xcan
F
1+
 =
Z
X
(f
F)
1+ 
 ^  =
Z
X
(f
F)
 
:
Also for any y 2 X
can, we can choose z0 2 Xy such that on Xy !n (z0) = !
n 
SF (z0) since Xy
is smooth and
R
Xy !n  =
R
Xy !
n 
SF . Then
jF(y)j =


 ^ !
n 
SF
=


 ^ !n 
!n 
!
n 
SF
(z0)
=


 ^ !n  (z0)
 sup
Xy


 ^ !n :
Therefore F is bounded by poles and (fF)
 is integrable for sufﬁciently small  > 0.
2
Proposition 3.3 Let  : Y ! Xcan be a smooth model of Xcan by resolution of singularities of
Xcan. F has at worst pole singularities on Y .
Proof Let D be a divisor on Xcan such that Xcan n X
can  SD. Let SD be the deﬁning section
of D and hD be the hermitian metric on the line bundle associated to [D] such that   
jSDj2
hD

is a smooth function. For any continuous volume form 
0 on X,
f
 
jSDj
2N
hD

0
=
Z
Xs
jSDj
2N
hD

0
=
Z
Xs
jSDj
2N
hD


0
 ^ !n 

(! jXs)
n 



for s 2 X
can. Since jSDj2N
hD

0
^!n  < 1 for sufﬁciently large N, there exists a constant C such
that
0  f
 
jSDj
2N
hD

0
< 
:
13Let FN = jSDj2N
hDF. Then on X
can
p
 1@@FN
=
p
 1@@
Z
Xs
jSDj
2N
hD


 ^ !n !
n 

=
Z
Xs
p
 1@@

jSDj
2N
hD


 ^ !n 

^ !
n 
 CjSDj
2M
hD
Z
Xs
!
n +1
for some sufﬁciently large M by choosing N sufﬁciently large.
Let  be any semi-positive smooth (   1;   1)-form supported on X
can. Then
Z
Xcan
 ^
p
 1@@FN
 CjSDj
2M
hD
Z
X
f
 ^ !
n +1
= CjSDj
2M
hD
Z
Xcan
 R
Xs !n +1 ^  1

!
f
 ^ 
 C
0jSDj
2L
hD
Z
Xcan
 ^ 
if we chose N sufﬁciently large.
Similar lower bound of
p
 1@@FN can be achieved and so for sufﬁciently large N, on X
can
 C 
p
 1@@FN  C:
Let !Y be a K¨ ahler metric on Y and Y be the Laplace operator associated to !Y. Then for
sufﬁciently large N
jY
FNj  C:
Also we can assume that   
jSDj2N
hD

!Y  f for sufﬁciently large N. After repeating the
above estimates, we have for any k  0, there exists sufﬁciently large N and Ck;N such that
  (Y)
k (
FN)
    Ck;N:
By standard elliptic estimates, FN is uniformly bounded in Ck if we choose N sufﬁciently
large, therefore F can have at worst pole singularities.
2
Now let us recall some facts on the Weil-Petersson metric on the moduli space M of polar-
izedCalabi-Yaumanifoldsofdimensionn . LetX ! MbeauniversalfamilyofCalabi-Yau
14manifolds. Let (U;t1;:::;t) be a local holomorphic coordinate chart of M, where  = dimM.
Then each @
@ti corresponds to an element ( @
@ti) 2 H1(Xt;TXt) through the Kodaira-Spencer
map . The Weil-Petersson metric is deﬁned by the L2-inner product of harmonic forms repre-
senting classes in H1(Xt;TXt). In the case of Calabi-Yau manifolds, as ﬁrst shown in [Ti4], it
can be expressed as follows. Let 	 be a nonzero holomorphic (n   ;0)-form on the ﬁbre Xt
and 	y( @
@ti) be the contraction of 	 and @
@ti. Then the Weil-Petersson metric is given by

@
@ti
;
@
@ tj

!WP
=
R
Xt 	y( @
@ti) ^ 	y( @
@ti)
R
Xt 	 ^ 	
: (3.6)
One can also represent !WP as the curvature form of the ﬁrst Hodge bundle f

n 
X=M (cf. [Ti4]).
Let 	 be a nonzero local holomorphic section of f

n 
X=M and one can deﬁne the hermitian
metric hWP on f

n 
X=M by
j	tj
2
hWP =
Z
Xt
	t ^ 	t: (3.7)
Then the Weil-Petersson metric is given by
!WP = Ric(hWP): (3.8)
The Weil-Petersson metric can also be considered a canonical hermitian metric on the dualizing
sheaf f(

n 
X=Xcan) = (f1OX)_ over X
can.
Let X be an n-dimensional algebraic manifold. Suppose its canonical line bundle KX is
semi-positive and 0 <  = kod(X) < n. Let Xcan be the canonical model of X. We deﬁne a
canonical hermitian metric hcan on f(

n 
X=Xcan) in the way that for any smooth (n   ;0)-form
 on a nonsingular ﬁbre Xy,
jj
2
hWP =
 ^   ^ 
 ^  =
R
Xy  ^  
R
Xy 
: (3.9)
Deﬁnition 3.4 Let X be an n-dimensional algebraic manifold with semi-ample canonical line
bundle KX. Suppose 0 < kod(X) < n and so f : X ! Xcan is a holomorphic ﬁbration of
Calabi-Yau manifolds. A closed positive (1;1)-current ! on Xcan is called a canonical metric if
it satisﬁes the following.
1. f! 2  2c1(X).
2. ! is smooth outside a subvariety of Xcan and (f!)
 ^  is continuous on X.
3. Ric(!) =  
p
 1@@ log! is well-deﬁned on X as a current and on X
can
Ric(!) =  ! + !WP: (3.10)
Deﬁnition 3.5 Suppose !can is a canonical metric on Xcan. We deﬁne the canonical volume
form 
can on X to be

KE = (f
!KE)
 ^ : (3.11)
153.2 Existence and uniqueness
The main goal of this section is to prove the existence and uniqueness for canonical metrics on
the canonical models.
Theorem 3.1 Let X be an n-dimensional algebraic manifold with semi-ample canonical line
bundle KX. Suppose 0 <  = kod(X) < n. There exists a unique canonical metric on Xcan.
We will need the following theorem of solving singular Monge-Amp` ere equation to prove
Theorem 3.1.
Theorem 3.2 There exits a unique solution ' 2 PSH() \ C0(Xcan) \ C1(X
can) to the fol-
lowing Monge-Amp` ere equation on Xcan
( +
p
 1@@')
 = Fe
'
: (3.12)
Proof of Theorem 3.1 We will prove Theorem 3.1 by assuming Theorem 3.2.
Let ' be the solution in Theorem 3.1 and ! =  +
p
 1@@'.
1.
f
! = f
 +
p
 1@@f
' 2  c1(X):
and it proves 1: in Deﬁnition 3.4.
2. By Theorem 3.2, ! is smooth on X
can and
(f
!)
 ^  = 
e
f'
is continuous since f' is continuous on X and 
 is a smooth volume form. This proves
2: in Deﬁnition 3.4
3. Then
Ric(!) =  
p
 1@@ log!
 =  
p
 1@@ log
  
p
 1@@ logF  
p
 1@@'
is well-deﬁned as a current on Xcan.
Calculate on X
can
p
 1@@ log
 +
p
 1@@ logF +
p
 1@@'
=
p
 1@@ log
 +
p
 1@@ log



 ^ 

+ !   
= ! +
 
 
p
 1@@ log( ^ 
) +
p
 1@@ log

= !   !WP:
Therefore
Ric(!) =  ! + !WP:
So we have proved 3: in Deﬁnition 3.4.
16Now we will prove the uniqueness of the canonical metric.
Let ! = +
p
 1@@' be a canonical metric on Xcan. Then by the equation for the canonical
metric, we have on X
can
p
 1@@ log

!


=
p
 1@@ log



 ^ e
'

:
Let  =

!




^e'
 1
. Then on X
can we have
p
 1@@ log = 0:
On the other hand,
f
 =
! ^ 


e
 '
extends to a strictly positive continuous function on X. Since f is a holomorphic map,  extends
to a continuous function on Xcan. Let  : X0
can ! Xcan be a resolution of Xcan. Then  is
continuous on X0
can and
p
 1@@ log = 0 so that  = constant on X0
can. Therefore
 = constant > 0 on Xcan and '0 = ' + log 2 PSH() \ C0(Xcan) solves the Monge-
Amp` ere equation (3.12). The uniqueness of the solution for (3.12)implies the uniqueness of the
canonical metric.
2
Corollary 3.1 Let !can be a canonical metric on Xcan and 
can the canonical volume form on
X. Then
f
!can =
p
 1@@ log
can: (3.13)
Proof Let !can = +
p
 1@@', where ' be the solution of the Monge-Amp` ere equation (3.12)
in Theorem 3.2. Then

can = (f
!can)
 ^  = 
e
f'
and so p
 1@@ log
can =
p
 1@@ log
 +
p
 1@@f
' = f
!can:
2
Proof of Theorem 3.2
Step 1. Approximation
Let  : Y ! Xcan be a resolution of singularities such that E = (XcannX
can) is a divisor
with simple normal crossings. Let ^  =  and ^ F = F. Then ^  is a closed semi-positive
(1;1)-form on Y and
R
Y ^  =
R
Xcan  > 0, i.e., ^  is big. We will consider the following
Monge-Amp` ere equation on Y
(^  +
p
 1@@ ^ ')
^  = ^ Fe
^ ': (3.14)
17Since ^  is a big semi-positive closed (1;1)-form and so ^ L = 1
mO(1) is a semi-positive
big line bundle on Y . By Kodaira’s lemma, there exists a divisor D such that for any  > 0,
[L]   [D] is an ample divisor on Y . Let SD be the deﬁning section of D and choose a smooth
hermitian metric hD on the line bundle associated to [D] such that
^  + 
p
 1@@ loghD > 0:
Fix 0 > 0 and deﬁne a K¨ ahler form !0 = ^  + 0
p
 1@@ loghD > 0.
^ F 2 L1+(Y; ^ ) for some  > 0 since F 2 L1+(Xcan;) for some  > 0. Then for each
k > 0 there exists a family of functions fFjg1
j=1 on Y satisfying the following.
1. Fj 2 C4(Y ) for all j and Fj ! ^ F in L1+(Y; ^ ) as j ! 1.
2. There exists C > 0 such that logFj   C for all j.
3. There exist , C > 0 such that for all j
  jSEj
2
hEFj
  
C2(Y )  C;
where SE is a deﬁning section of E and hE is a ﬁxed smooth hermitian metric on the line
bundled associated to [E].
For example, we can choose ^ Fj to be deﬁned by
Fj = exp

jSEj2
hE
j 1 + jSEj2
hE

log ^ F

for sufﬁciently large  > 0.
We also choose a K¨ ahler form !0 and let j = ^ +
1
j
!0. We consider the following Monge-
Amp` ere equation
(j +
p
 1@@'j)
(j)
 = Fje
'j (3.15)
for sufﬁciently large .
By Yau’s solution to the Calabi conjecture, for each j, there exists a unique solution 'j 2
C3(Y ) \ C1(Y n E) solving (3.15). We will derive uniform estimates for 'j.
Step 2. Zeroth order estimates
Proposition 3.4 There exists C > 0 such that for all j,
jj'jjjL1(Y )  C: (3.16)
Furthermore, there exists a unique solution '1 2 PSH(Y; ^ ) \ C0(Y ) solving the Monge-
Amp` ere equation (3.14) such that
'j ! '1 (3.17)
in L1(Y;!
0) as j ! 1.
18Proof By Yau’s theorem, for each j, there exists a smooth solution 'j solving the Monge-
Amp` ere equation (3.14). We ﬁrst derive a uniform upper bound for 'j. Suppose that 'j achieves
its maximum at y0 on Y . Then applying the maximum principle, we have
'j  'j(y0) 
1
Fj(y0)
 sup
Y

1
Fj

 C:
Let 
0 be a smooth nowhere vanishing volume form on Y . We have to verify that Fj

^ 
j
^ 


is uniformly bounded in L1+(Y; ^ 
) for some  > 0 for all j.

  

  e
'jFj


j

0

  

  
1+
L1+(Y;
0)
=
Z
Y
e
(1+)'jF
1+
j


j

0



j  C
Z
Y
F
1+
j 

j = C jjFjjj
1+
L1+(Y;
0) :
Therefore jj'jjjL1(Y ) is uniformly bounded by Theorem 2.4, since jjFjjj
1+
L1+(Y;
0) is uniformly
bounded.
Also Theorem 2.4 gives a unique solution '1 2 PSH(Y; ^ ) \ C0(Y ) solving the Monge-
Amp` ere equation 3.14. By the uniqueness of such '1, we have 'j ! '1 in L1 by standard
potential theory.
2
Step 3. Second order estimates
We now apply the maximum principle and prove a second order estimate for 'j by using a
modiﬁed argument in [Ya2]. Note that Tsuji used a similar trick in [Ts1] for the second-order
estimate.
Let !j = j +
p
 1@@'j, 0 and j be the Laplace operator associated to !0 and !j. The
following lemma is proved by standard calculation.
Lemma 3.4 There exists a uniform constant C > 0 only depending on !0 such that on Y n
(E [ D)
j logtr!0(!j)   C

1 + tr!j(!0) +
1 + j0 logFjj
tr!0(!j)

:
Theorem 3.3 There exist ; ; C > 0 such that for all j and z 2 Y n (E [ D)
tr!0(!j)(z) 
C
jSEj2
hEjSDj
2
hD
(3.18)
Proof Deﬁne
j = 'j   0 logjSDj
2
hD
and
Hj = log
 
jSEj
2
hEtr!0(!j)

  Aj
for some constants ; A > 0 to be determined later.
19First calculate on Y n (E [ D)
jHj
= j logtr!0(!j)   Ajj + j logjSEj
2
hE
= j logtr!0(!j)   Atr!j (!j   !0)   tr!j(Ric(hE))
 (A   C1)tr!j(!0)   tr!j(Ric(hE))  
C1 (1 + j0 logFjj)
tr!0(!j)
 
C1
tr!0(!j)
  A   C1
Choose a sufﬁciently large  > 0, such that there exists a constant C2 > 0 with the following:
jSEj
2
hE (1 + j0 logFjj)
tr!0(!j)

C2
tr!0(!j)
and
jSEj
2
hEFj  C2:
Applying the elementary inequality
tr!j(!0)  C3 (tr!0(!j))
1
 1

!
0
!
j
 1
 1
= C3

e 'j
Fj
tr!0(!j)

!
0

j
 1
 1
 C4
 
jSEj
2
hE tr!0(!j)
 1
 1
We can always choose A sufﬁciently large such that
jHj  C5A
 
jSEj
2
hE tr!0(!j)
 1
 1  
C4jSEj4
hE
jSEj
2
hE tr!0(!j)
  C6A:
For any j, suppose
sup
z2Y
Hj(z) = Hj(z0)
for some z0 2 Y n (E [ D) since Hj =  1 along E [ D. By the maximum principle,
jHj(z0)  0. By straightforward calculation, there exists C7 > 0 such that
jSEj
2
hE tr!0(!j)
 
z=z0  C7:
Hence there exists a uniform constant C8 > 0 such that
Hj  Hj(z0) = log
 
jSEj
2tr!0(!j)


z=z0   'j(z0) + 0 logjSDj
2
hD(z = z0)  C8:
20The theorem is proved since
tr!0(!j)  jSEj
 2
hE exp(Hj + Aj) 
C9
jSEj2
hEjSDj
2
hD
:
2
Step 4. Ck estimates
From the second order estimates, the Monge-Amper` e equation (3.15) is uniformly elliptic on
any compact set of Y n (E [ D). The Ck-estimates are local estimates and can be derived
by standard Schauder estimates and elliptic estimates. Therefore for any compact subset K of
Y n (E [ D), there exist constants CK;R such that
jj'jjjCR(K)  CR;K:
Step 5. Proof of Theorem 3.2
By taking a sequence, we can assume 'j ! '1 2 L1(Y;!
0). Therefore
'1 2 C
0(Y ) \ C
1(Y n (E [ D)):
Ontheotherhand, onecanchoosedifferentdivisorsD suchthat[^ ] [D] > 0forallsufﬁciently
small  > 0 and the intersection of such divisors is contained in E. Therefore '1 2 C1(Y nE).
Each ﬁbre of the resolution  is connected and so '1 is constant along the ﬁbre since '1 2
PSH(Y; ^ ) \ C0(Y ) and ^   0. Therefore '1 descends to a solution ' 2 PSH(Xcan;) \
C0(Xcan) solving equation (3.12) as in Theorem 3.2. Furthermore, ' is smooth on X
can. This
completes the proof of Theorem 3.2.
2
4 Canonicalmeasuresonalgebraicmanifoldsofnon-negative
Kodaira dimension
4.1 Canonical measures on surfaces of non-negative Kodaira dimension
Let X be a K¨ ahler surface of positive Kodaira dimension and Xmin be its minimal model derived
by  : X ! Xmin contracting all the ( 1)-curves E = [iEi.
If kod(X) = 2, X is a surface of general type. Let  : Xmin ! Xcan be holomorphic
canonical map from Xmin to its canonical model Xcan with possible orbifold singularities. There
exists a unique smooth orbifold K¨ ahler-Einstein metric !y on Xcan. We deﬁne
!KE = (  )
!
y +
p
 1@@ logjEj
2:
21Choose a smooth positive (1;1)-form ! 2  c1(Xmin) and a smooth volume form 
 with p
 1@@ log
 = !. Then !y = ! +
p
 1@@' for some ' 2 C0(Xmin) satisfying the
following Monge-Amp` ere equation
(! +
p
 1@@')2


= e
':
Furthermore, ' issmoothoutsidetheexceptional locusofthepluricanonicalsystem. Let 
KE =
(e'
) the pullback of the unique holomorphic K¨ ahler-Einstein volume from its canonical
model. It is a continuous measure on X vanishing exactly on E of order one. Then !KE =
Ric(
KE) on X and !2
KE = 
KE on X n E.
Proposition 4.1 Let X be a K¨ ahler surface of general type. Then
1. !KE 2  c1(X),
2. Ric(!KE) =  !KE on XnE,
3. hKE = 

 1
KE is an analytic Zariski decomposition for KX.
If kod(X) = 1, X is an elliptic surface. Let  : Xmin ! Xcan be the holomorphic
pluricanonical ﬁbration from Xmin to its canonical model Xcan. By Theorem 3.1 in Section
3.2, there exist a canonical metric !y on Xcan and a canonical measure 
y on Xmin such that
(!y) 2  c1(Xmin) and Ric(
y) = (!y). Let 
can = (
y) and !can = Ric(
can.
Proposition 4.2 Let X be a K¨ ahler surface of Kodaira dimension 1. Then
1. !can 2  c1(X),
2. !can = (  )(!y) on XnE.
3. hcan = 
 1
can is an analytic Zariski decomposition for KX.
4.2 Ricci-ﬂat metrics on K¨ ahler manifolds of zero Kodaira dimension
There have been many interesting results on singular Ricci-ﬂat metrics. In [EyGuZe1], singular
Ricci- ﬂat metrics are studied on normal K¨ ahler spaces. In [To], singular Ricci-ﬂat metrics are
derived as the limit of smooth Ricci-ﬂat K¨ ahler metrics along certain degeneration of K¨ ahler
classes. In this section, we construct singular Ricci-ﬂat metrics on algebraic manifolds of Ko-
daira dimension 0 as an immediate application of Theorem 2.4.
Let X be an n-dimensional algebraic manifold of Kodaira dimension 0. Suppose L ! X is
a holomorphic line bundle such that L is big and semi-ample. There exists a big smooth semi-
positive (1;1)-form ! 2 c1(L). Let  2 H0(X;Km
X) be the holomorphic m-tuple n-form for
some m 2 N(KX). Let

 =
[!]n
R
X ( 
 )
1
m
( 
 )
1
m
22be a smooth (n;n)-form on X and so
R
X 
 = [!]n. 
 is independent of the choice of m 2
N(KX) and  because the Kodaira dimension of X is 0. 
 is unique up to a scalar multiplication
and it can be degenerate because KX is not necessarily nef.
Consider the following degenerate Monge-Amp` ere equation
(! +
p
 1@@')
n = 
: (4.1)
By Theorem 2.4, there exists a continuous solution ' t to equation (4.1) unique up to a constant.
Let !CY = ! +
p
 1@@'.
Proposition 4.3 !CY is the unique closed semi-positive (1;1)-current in c1(L) with continuous
local potential such that !n
CY = 
 and therefore outside the base locus of the pluricanonical
system
Ric(!CY) = 0:
Furthermore, !CY is smooth on a Zariski open set of X.
4.3 K¨ ahler-Einstein metrics on algebraic manifolds of general type
In this section, we will prove Theorem B.1. Let X be an n-dimensional nonsingular algebraic
variety of general type.
We choose a sequence of resolution of indeterminacies of the pluricanonical systems m!
X Xm0 Xm0+1    Xm Xm+1    
m0 
m0+1 
m0+2  m 
m+1 
m+2
(4.2)
for m0 sufﬁciently large, such that
1.
( m)
(m!KX) = Lm + Em;
where  m = m  m 1  :::  m0.
2.
Em =
X
j
cm;jEm;j
is the ﬁxed part of j 
m(m!KX)j with each Em;j being a divisor with simple normal cross-
ings.
3. Lm is a globally generated line bundle on Xm.
Let fm;jg
dm
j=0 be a basis of H0(X;m!KX) and fm;jg
dm
j=0 be a basis of H0(Xm;Lm) such
that


mm;j = m;jEm:
We can consider jm;jj
2
m! as an smooth (n;n)-form on X as m;j 2 m!KX. Let 
m =
Pdm
j=0 jm;jj
2
 1
m!
and then 
k
m is a smooth and possibly degenerate volume form on Xk. For
simplicity we also use 
m for (k)(
m) for all k  m0.
The following lemma is obviously by the construction of 
m.
23Lemma 4.1 On X and so on Xk for k  m0,

m

m+1
< 1: (4.3)
Deﬁne a smooth closed semi-positive (1;1)-form !m on Xm by
!m =
1
m!
p
 1@@ log
 
dm X
j=0
jjj
2
!
:
Obviously
p
 1@@ log
Pdm
j=0 jjj2

is the pullback of the Fubini-Study metric on CP
dm from
the linear system jLmj.
Theorem 4.1 Let Rm be the exceptional locus of the linear systems associated to Lm. There
exists a unique solution 'm 2 C0(Xm) \ C1(Xm n ([jEm;j [ Rm)) to the following Monge-
Amp` ere equation
 
!m +
p
 1@@'
n
= e
'
m: (4.4)
Therefore !KE;m = !m +
p
 1@@'m is a K¨ ahler-Einstein current on Xm satisfying
1. !KE;m is a positive current on Xm and strictly positive on Xm n ([jEm;j [ Rm),
2. Ric(!KE;m) =  !KE;m on Xm n ([jEm;j).
Proof Let Fm = 
m
(!m)n. Fm has at worst pole singularities on Xm and
Z
Xm
(Fm)
1+ (!m)
n =
Z
Xm
(Fm)

m < 1:
By Theorem 2.4, there exists a unique 'm 2 PSH(Xm;!m) \ C0(Xm) solving the equation
(4.4).
Also Lm is an semi-ample line bundle and furthermore it is big. Then by Kodaira’s Lemma,
there exists a divisor [Fm] such that
[Lm]   [Fm] = 

m[KX]  
X
j
cm;j
m
[Em;j]   [Fm]
is ample for sufﬁciently small  > 0. By a similar argument in the proof of Theorem 3.2, we can
show that 'm 2 C1 (Xm n ([jEm;j [ Rm)).
2
Corollary 4.1 e'm
m descends from Xm to a continuous measure on X and hm = e 'm
 1
m is
asingularhermitianmetriconX withitscurvaturehm  0. Furthermore, onXnBs(jm0KXj),
(
p
 1@@ log
m +
p
 1@@'m)
n = e
'm
m: (4.5)
24Proof e'm
m can be pulled back as a continuous volume form on XnBs(m!KX). On the other
hand, 'm is uniformly bounded in L1(X), also 
m is smooth on X and vanishes exactly on
Bs(jm!KXj). Therefore e'm
m is continuous on X.
Bs(jm!KXj) is a complete closed pluripolar set on X using H0(X;m!Km). Since log
m +
'm is uniformly bounded above and
p
 1@@ log
m +
p
 1@@'m is a positive closed (1;1)
current on XnBs(jm0KXj),
p
 1@@ log
m +
p
 1@@'m extends to a positive closed current
on X using local argument.
Equation (4.5) is then derived directly from Equation (4.4).
2
Although hm is a singular K¨ ahler-Einstein metric on X, but without assuming ﬁnite gen-
eration of canonical rings, (KX;hm) is not necessarily an analytic Zariski decomposition. One
has to let m tend to inﬁnity in order for e'm
m to have the least vanishing order.
Let D be an ample divisor on X such that KX + D is ample. Then there exists a hermitian
metric hD on the line bundle induced by [D] such that !0  
p
 1@@ loghD > 0. We can also
assume that D contains the base locus of all jm!KXj for m  m0.
Lemma 4.2 Let 
0 be a smooth and nowhere vanishing volume form on X . Then there exists
a constant C > 0 such that for each m  m0,
e
'm
m  C
0:
Proof Let 0 =
p
 1@@ log
0. Let Dm be a divisor on X such that on XnDm, 'm is smooth
and 
m is strictly positive. Let D be an ample divisor on X. Let SDm be a deﬁning function and
hDm be a smooth hermitian metric on the line bundle associated to [Dm]. Let SD be a deﬁning
function and hD be a smooth positively curved hermitian metric on the line bundle associated to
[D].
Let Dm =  
p
 1@@ loghDm and D =  
p
 1@@ loghD > 0. We also deﬁne
 m; = 'm + log

m

0
+ 
2 logjSDmj
2
hm + logjSDj
2
hD:
For simplicity, we use 0 and 
0 for ( m)0 and ( m)
0. Notice that 0 is not necessarily
positive and 
0 might vanish somewhere on Xm. Then outside Dm and D,  m; satisﬁes the
following equation
(0 + 2Dm + D +
p
 1@@ log m;)n

0
= jSDmj
 22
hDmjSDj
 2
hD e
 m;:
It is easy to see that  m; tends to  1 near Dm and D, and for  > 0 sufﬁciently small,
D + Dm > 0. By the maximum principle
e
 m;  max
X

jSDmj
22
hDmjSDj
2
hD
(0 + 2Dm + D)n

0

and
e
'm
m

0
 jSDmj
 22
hDmjSDj
 2
hD max
X

jSDmj
22
hD(m)jSDj
2
hD
(0 + 2Dm + D)n

0

:
25Now we let  tend to 0, and
e
'm
m

0
 max
X

(0)n

0

:
2
Proposition 4.4 e'm
m is increasing, that is, on X
e
'm
m  e
'm+1
m+1: (4.6)
Proof We shall compared e'm
m and e'm+1
m+1 on Xm+1. Let
U(m+1) =

s 2 Xm+1
   

m+1

m
< 1

:
'm and 'm+1 are the solutions of
 
!m +
p
 1@@'m
n
= e
'm+1
m:
and  
!m+1 +
p
 1@@'m+1
n
= e
'm+1
m+1:
Deﬁne
  = 'm+1   'm + log

m

m+1
and
V = fz 2 Xm+1 j   < 0g:
It is easy to see that
V  Um+1
since both 'm+1 and 'm are in L1(Xm+1).
On Um+1, log

(Em+1)m!
((m+1)Em)(m+1)!

is holomorphic and so
!m+1 +
p
 1@@'m+1
= !m +
p
 1@@'m +
p
 1@@ log('m+1   'm) +
p
 1@@ log
0
B
@
Pdm+1
j=0 jm+1;jj2
 1
(m+1)!
Pdm
j=0 j(m+1)m;jj2
 1
m!
1
C
A
= !m +
p
 1@@'m +
p
 1@@  +
p
 1@@ log
 
jEm+1j
2
(m+1)!
j(m+1)Emj
2
m!
!
= !m +
p
 1@@'m +
p
 1@@ :
26Hence   satisﬁes the following equation on Um+1
 
!m +
p
 1@@'m +
p
 1@@ 
n
 
!m +
p
 1@@'m
n = e
 : (4.7)
By the comparison test,
Z
V
 
!m +
p
 1@@'m
n

Z
V
 
!m +
p
 1@@'m +
p
 1@@ 
n
=
Z
V
e
   
!m +
p
 1@@'m
n
:
Therefore 	 = 0 on V due to the fact that it is continuous on V , and so on Xm+1
   0:
This completes the proof.
2
Proposition 4.5 There exists a measure 
KE on X such that
1. 
KE = limm!1 e'm
m:
2. (KX;

 1
KE) is an analytic Zariski decomposition. Furthermore, on X

KE

0
< 1 and
	X;

KE
< 1:
3. !KE =
p
 1@@ log
KE 2  c1(X) is a closed positive K¨ ahler-Einstein current and on
XnBs(X;KX),
(!KE)
n = 
KE and so Ric(!KE) =  !KE:
Proof By Lemma 4.2 and Proposition 4.4, we can deﬁne 
KE

KE = lim
m!1
e
'm
m
and 
m

0 is uniformly bounded from above. Since 'm + log 
m

0 2 PSH(X;0) and f'm +
log 
m

0 g1
m=m0 isconvergentinL1(X). AlsoPSH(X;0)\L1(X)isclosedinL1(X). Therefore
lim
m!1

'm + log

m

0

= log

KE

0
in PSH(X;0) \ L1(X) and log

KE

0 2 PSH(X;0) \ L1(X).
Let hKE = 

 1
KE be the hermitian metric on KX. By the construction of 
m,
27jj
2
hm
KE < 1
for any section  2 H0(X;mKX). Therefore
	X;

KE < 1 and so
H
0(X;OX(mKX) 
 I(h
m
KE)) ! H
0(X;OX(mKX))
is an isomorphism and (KX;hKE) is an analytic Zariski decomposition.
Since 'm + log 
m

0 converges uniformly on any compact set of XnBs(X;KX) to log

KE

0 ,
we have on XnBs(X;KX),
(
p
 1@@ log
KE)
n = lim
m!1(
p
 1@@ log
m +
p
 1@@'m)
n = lim
m!1e
'm
m = 
KE:
This concludes the proof of the proposition as well as Theorem B.1.
2
Remark 4.1 The existence of such a canonical metric does not depend on the ﬁnite generation
of the canonical ring of X. The regularity and uniqueness of such K¨ aher-Einstein metrics will
be investigated in our future study.
4.4 Algebraic manifolds of positive Kodaira dimension
Let X be an n-dimensional nonsingular algebraic variety of Kodaira dimension , where 0 <
 < n. Let y : Xy ! Y y be the Iitaka ﬁbration of X unique up to birational equivalence. Let
m be the pluricanonical map associated to the linear system jmKXj. Then for m sufﬁciently
large there exists a commutative diagram
X X
y
Ym Y
y
pppppppp?
m
y
?
y
p p p p p p p 
m
(4.8)
as in Section 2.2. A very general ﬁbre of y has Kodaira dimension zero.
We will generalize the notion of the Weil-Petersson metric on a special local deformation
space of K¨ ahler manifolds of zero Kodaira dimension.
Deﬁnition 4.1 Let f : X ! B be a holomorphic nonsingular ﬁbration over a ball B 2 C such
that for any t 2 B, Xt = f 1(t) is a nonsingular ﬁbre of dimension n   . Let t = (t1;:::;t)
be the holomorphic coordinates of B, where  = dimM. Then each @
@ti corresponds to an
element ( @
@ti) 2 H1(Xt;TXt) through the Kodaira-Spencer map . We assume that there exists
a nontrivial holomorphic (n   ;0)-form 	 on X such that its restriction on each ﬁbre Xt is
also a nontrivial holomorphic (n   ;0)-form on X. Then the Weil-Petersson metric is deﬁned
by the L2-inner product

@
@ti
;
@
@ tj

!WP
=
R
Xt 	y( @
@ti) ^ 	y( @
@ti)
R
Xt 	 ^ 	
; (4.9)
28where 	y( @
@ti) is the contraction of 	 and ( @
@ti).
The metric deﬁned above is a pseudometric and the associated closed (1;1)-form !WP is
only semi-positive in general. In Deﬁnition 4.1, !WP depends on the choice of the holomorphic
(n ;0)- form 	, however, it is uniquely determined for the Iitaka ﬁbration y : Xy ! Y y by
the following lemma.
Lemma 4.3 The Weil-Petersson metric is well-deﬁned on a Zariski open set of Y y and it is
unique.
Proof Let B  Y y be a nonsingular open neighborhood such that each ﬁbre over B is nonsingu-
lar. Let X = (y) 1(B)  Xy. Without loss of generality, we assume H0(Xy;KXy) 6= , oth-
erwise we can replace KX by a sufﬁciently large power of KX, and so H0(B;(y)

n 
X=B) 6= .
Then the assumption in Deﬁnition 4.1 can be satisﬁed. Let 	1 and 	2 be two holomorphic
(n   )-forms over B in Deﬁnition 4.1. Since a very general ﬁbre has Kodaira dimension zero,
for a general point t 2 B,
	1
	2

  
Xt
= constant
and so
	1
	2
  
Xt
is constant on each point t 2 B since
	1
	2
  
Xt
is smooth on X.
One can also represent !WP as the curvature form of the ﬁrst Hodge bundle f

n 
X=B with the
same assumption as in Deﬁnition 4.1. Let 	 be a nonzero local holomorphic section of f

n 
X=B
and one can deﬁne the hermitian metric hWP on f

n 
X=B by
j	tj
2
hWP =
Z
Xt
	t ^ 	t: (4.10)
Then the Weil-Petersson metric is given by
!WP = Ric(hWP): (4.11)
Therefore the Weil-Petersson metric is unique on B.
2
We choose a sequence of resolution of indeterminacies of the pluricanonical systems m! =
jm!KXj
X Xm0 Xm0+1    Xm Xm+1    
m0 
m0+1 
m0+2  m 
m+1 
m+2
(4.12)
for m0 sufﬁciently large, such that
1.
( m)
(m!KX) = Lm + Em;
where  m = m  m 1  :::  m0.
292.
Em =
X
j
cm;jEm;j
is the ﬁxed part of j( m)(m!KX)j with each Em;j being a divisor with simple normal
crossings.
3. Lm is a globally generated line bundle on Xm.
Let Ym be the variety determined by the pluricanonical system jm!KXj and 	m = 	jLmj be
the rational map associated to the linear system jLmj. Then we have the following diagram
X Xm
Ym
p p p p p R m
  m
 
    	 	m (4.13)
There exists a commutative diagram by choosing m0 sufﬁciently large
X Xm0 Xm0+1    Xm Xm+1   
Ym0 Ym0+1    Ym Ym+1   

m0
?
	m0

m0+1
?
	m0+1

m0+2  m
?
	m

m+1
?
	m+1

m+2
p p p p p p p 
m0+1 p p p p p p p p 
m0+2 p p p p p p p p p p 
m p p p p p p p p 
m+1 p p p p p p p p 
m+2
(4.14)
of rational maps and holomorphic maps where the horizontal maps are birational and m is given
by the projection from jm!KXj to j(m   1)!KXj as a subspace of jm!KXj.
Let fm;jg
dm
j=0 be a basis of H0(X;m!KX) and fm;jg
dm
j=0 be a basis of H0(X;Lm) such that
( m)
m;j = m;jEm 2 H
0(Xm;( m)
(m!KX)):
Then Pdm+1
j=0 m+1;j 
 m+1;j
 1
(m+1)!
Pdm
j=0 m;j 
 m;j
 1
m!
< 1;
where 1 + dm = dimH0(X;m!KX).
Let 
m =
Pdm
j=0 m;j 
 m;j
 1
m!
and 
(m) = (	m)
m. Let
!m =
1
m
p
 1@@ log
 
dm X
j=0
jm;jj
2
!
be the normalized Fubini-Study metric on Ym. Then the same argument in Proposition 3.2 gives
the following Lemma.
30Lemma 4.4 There exists p = p(m) > 1 such that
Fm =

(m)
!
m
2 L
p (Ym;!

m): (4.15)
The following proposition is immediate as in Section 3.2.
Proposition 4.6 There exists a unique solution 'm 2 PSH(Ym;!m)\C0(Ym) to the following
Monge-Amp` ere equation
(!m +
p
 1@@'m)
 = e
'm
(m): (4.16)
Furthermore, 'm is smooth on a Zariski open set of Ym.
For simplicity, we abuse the notations and use 
m for ( k)
m for k  m0 without causing
confusion.
Lemma 4.5 There exists a Zariski open set U of Ym+1 such that 
m

m+1 is constant along each
ﬁbre of 	m+1 over U.
Proof Let F = 
m

m+1 and it is easy to see that F is smooth. We consider the following diagram
Xm+1 X
y
Ym+1 Y
y
?
	m+1
p p p p p p p 
f
?
y
p p p p p p p 
g
where y : Xy ! Y y is an Iitaka ﬁbration of X.
A very general ﬁber of y is nonsingular of Kodaira dimension 0. Let Fs0 = (y) 1(s0)
be a very general ﬁbre. Consider B = fs 2 Y y j js   s0j < g such that for any s 2 B,
Fs = (y) 1(s) is non-singular. Let  be a nowhere-vanishing holomorphic -form on B. Then
(y)m;j
m
   
s0
2 H
0(Fs0;m!KFs0)
and
(y)m+1;j
m+1

  
s0
2 H
0(Fs0;(m + 1)!KFs0):
Since dimPH0(Fs0;kKFs0) = 0 for any k  1 and 
m

m+1 < 1, 
m

m+1 must be constant on
each Fs0.
Therefore fF is constant on a very general ﬁbre of y. By Hartog’s theorem, fF is smooth
on Xy and so fF is the pullback of a function on a Zariski open set of Y y. By the commutative
diagram, on a Zariski open set of Xm+1, F is the pullback of function on Ym+1 and so F has to
be constant on a very general ﬁbre of 	m+1.
2
31Hence 
m

m+1 descends to a function on Ym+1. By the commutative diagram, the following
lemma is immediate.
Lemma 4.6 For each m  m0,
( m+1)
m = (m+1)

(m):
The following corollary is immediate by the diagram 4.14, Lemma 4.5 and 4.6.
Corollary 4.2 For each m  m0, on Xm+1

m

m+1
=
(m+1)
(m)

(m+1)
:
Lemma 4.7 Let Um+1 = fs 2 Ym+1 j

m+1

m < 1g. Then m+1 is holomorphic on Um+1.
Proof On (	m+1) 1 (Um+1),
0 <
P
j jm;jj2
 1
m
P
j jm+1;jj2
 1
m+1
< 1:
Both Lm+1 and (m)Lm are globally generated. Therefore the base locus of
(
(( m+1)m;j)
m+1
Em+1
)dm
j=0
is outside Um+1 and so m+1 is well deﬁned on Um+1.
2
Proposition 4.7 For any m  m0, the measure e'(m)
(m) is increasing, that is, on Ym+1
(m+1)
  
e
'(m)
(m)

 e
'(m+1)
(m+1): (4.17)
Proof By resolution of singularities, we can assume Y(m+1) is non-singular by replacing Ym+1
by its non-singular model. Let !0
m = (m+1)!m, '0
m = (m+1)'m and 
0
(m) = (m+1)
(m).
So '0
m satisﬁes the following Monge-Amp` ere equation
 
!
0
m +
p
 1@@'
0
m

= e
'0
m

0
(m)
onUm+1, wherethe!0
m isasmoothandpositive, andsotheMonge-Amp` eremass
 
!0
m +
p
 1@@'0
m

is well-deﬁned. Also 'm+1 is the solution of
 
!m+1 +
p
 1@@'m+1

= e
'm+1
(m+1):
Deﬁne
  = 'm+1   '
0
m + log

(m+1)

0
(m)
32and V = fz 2 Ym j    0g. It is easy to see that
V  Um+1:
since both 'm+1 and '0
m are in L1(Ym+1). In particular, '0
m 2 C0(Um+1).
On Um+1, log

jEm+1j2m
j(m)Emj2(m+1)

is smooth and so
!m+1 +
p
 1@@'m+1
= !
0
m +
p
 1@@'
0
m +
p
 1@@ log('m+1   '
0
m) +
p
 1@@ log
0
B
@
P
j jm+1;jj2
 1
m+1
P
j j(m)m;jj2
 1
m
1
C
A
= !
0
m +
p
 1@@'
0
m +
p
 1@@   
p
 1@@ log
 
jEm+1j
2
m+1
j(m)Emj
2
m
!
= !
0
m +
p
 1@@'
0
m +
p
 1@@ :
Hence   satisﬁes the following equation on Um+1
 
!0
m +
p
 1@@'0
m +
p
 1@@ 

 
!0
m +
p
 1@@'0
m
 = e
 : (4.18)
By the comparison test, we have on V = fz 2 Ym+1 j  (z) < 0g  Um+1
Z
V
 
!
0
m +
p
 1@@'
0
m


Z
V
 
!
0
m +
p
 1@@'
0
m +
p
 1@@ 

=
Z
V
e
   
!
0
m +
p
 1@@'
0
m

:
Therefore   = 0 on V due to the fact that it is continuous on V , and so on Ym+1
   0:
This completes the proof.
2
For simplicity we again use 'm for (	m)'m. We can consider 'm as a function on X, Xm
or Xy since they are all birationally equivalent.
Corollary 4.3 For any m  m0, the measure e'm
m is increasing, that is,
e
'm
m  e
'm+1
m+1: (4.19)
33Lemma 4.8 e'm
m is continuous on X and let hm = e 'm
 1
m be the hermitian metric on KX.
Then
hm  0:
Proof Obviously, e'm
m is continuous on XnBs(jm!KXj) since the inverse of  m is isomor-
phic from Xmn( m) 1(Bs(jm!KXj)) to Xn(Bs(jm!KXj). On the other hand, 'm 2 L1(X)
and 
m vanishes exactly on Bs(jm!KXj). Hence e'm
m is continuous. p
 1@@ log
m+
p
 1@@'m  0 on XnBs(jm!KXj) and Bs(jm!KXj) is a closed complete
pluripolar set of X. By the fact that e'm
m is bounded above on X,
hm =
p
 1@@ log
m +
p
 1@@'m
extends to a closed positive current on X by local argument. This completes the proof of the
lemma.
2
Lemma 4.9 Let 
 be a smooth volume form on Xy. Then there exist a divisor D of Xy and a
constant C > 0 such that
e
'm
m  jSDj
 2
hD
; (4.20)
where SD is a deﬁning section of [D] and hD is a ﬁxed smooth hermitian metric of the line
bundle associated to [D].
Proof We consider again the following commutative diagram
Xm X
y
Ym Y
y
?
	m
p p p p p p p 
fm
?
y
p p p p p p p 
gm
Let ! be a K¨ ahler metric and 
0 be a smooth and nowhere vanishing volume form on Xy.
From the commutative diagram, on a Zariski open set of Xy we have
(
p
 1@@ log
m +
p
 1@@'m)
 ^ !
n  = e
'm(
y)
(
y)
m ^ !
n :
Let  m = 'm + log 
m

 , 0 =
p
 1@@ log
0.
 m satisﬁes the following Monge-Amp` ere equation on Xyn(y) 1Bs(jm0!KXj),
(0 +
p
 1@@ m)
 ^ !
n  = Fe
 m
0;
where
F =
(y)(y)
m ^ !n 

m
=
(y)(y)
m0 ^ !n 

m0
:
Let D1 be a divisor of Xy containing (y) 1Bs(jm0!KXj) such that the deﬁning section S1
of [D1] satisﬁes
34jS1j
2
h1
!n
F
0
< 1;
where h1 is a ﬁxed smooth hermitian metric of the line bundle associated to [D1]. Obviously,
D1 is independent of the choice of m. Let h1 =  
p
 1@@ logh1.
Let D2 be an ample divisor of Xy independent on the choice of m such that for a smooth
hermitian metric h2, we have
h2 =  
p
 1@@ logh2 >  h1:
Let S2 be the deﬁning section of D2
Let D3 be a divisor of Xy depending on the choice of m such that  m 2 C1(XynD3). Let
S3 be the deﬁning section of D3 and h3 be a ﬁxed smooth hermitian metric of the line bundle
associated to [D3]. We deﬁne h3 =  
p
 1@@ logh3 and for  > 0 sufﬁciently small
h2 >  h1   h3:
Now we let
 m; = 'm + logjS1j
2
h1 + logjS2j
2
h2 + logjS3j
2
h3;
and so ~ 'm; satisﬁes
(0 + h1 + h2 + h3 +
p
 1@@ log m;)
 ^ !
n  =
Fe m;
jS1j2
h2jS2j2
h2(jS3j2
h3)
0: (4.21)
The maximum of  m; can only be achieved in Xyn(D1 [D2 [D3). Then by the maximum
principle,
sup
Xy
 m;  sup
Xy

jS1j
2
h1jS2j
2
h2(jS3j
2
h3)
(0 + h1 + h2 + h3) ^ !n 
F
0

= Cm;; (4.22)
where lim!1 Cm; = Cm;0 = supXy

jS1j2
h1jS2j2
h2
(0+h1+h2)^!n 
F
0

and Cm;0 is indepen-
dent of the choice of m.
Now let  tend to 0. Then there exists a constant C > 0 independent of the choice of m such
that
sup
Xy
 m  C;
that is, there exists C0 > 0 independent of m such that
e
'm
m  C
0jS1j
 2
h1 jS2j
 2
h2 
0:
2
Proposition 4.8 There exists a measure 
can on X such that
351. 
can = limm!1 e'm
m:
2. (KX;
 1
can) is an analytic Zariski decomposition. Furthermore,

can

0
< 1; and
	X;

can
< 1:
Proof By Corollary 4.3 and Lemma4.9, we can deﬁne 
can

can = lim
m!1e
'm
m
and 
m

0 < 1. Since 'm + log 
m

0 2 PSH(X;0) and f'm + log 
m

0 g1
m=m0 is convergent in
L1(X). Also PSH(X;0) \ L1(X) is closed in L1(X). Therefore
lim
m!1

'm + log

m

0

= log

can

0
in PSH(X;0) \ L1(X) and log 
can

0 < 1.
Let hcan = 
 1
can be the hermitian metric on KX. By the construction of 
m,
jj
2
hm
can < 1
for any section  2 H0(X;mKX). Hence
	X;

can < 1 and
H
0(X;OX(mKX) 
 I(h
m
can)) ! H
0(X;OX(mKX))
is an isomorphism and (KX;hcan) is an analytic Zariski decomposition.
2
Proposition 4.9 Let 
y = (y)
can. There exists a closed positive (1;1)-current !y on Y y
such that
 
y !y =
p
 1@@ log
y on a Zariski open set of Xy. Furthermore, on a Zariski
open set of Y y, we have
(!
y)
 = (
y)

y; (4.23)
and so
Ric(!
y) =  !
y + !WP: (4.24)
Proof Let  m = 'm + log 
m

m0. Both  m and 'm descend to Y y and by Proposition 4.8
lim
m!1 m =  1 = log

y

m0
:
Consider
Xm X
y
Ym Y
y
?
	m
p p p p p p p 
fm
?
y
p p p p p p p 
gm
36For simplicity, we use !m for (gm)!m. Let Dm0 be a divisor of Y y such that on XnDm0, !0 is
smooth and log 
y

m0 < 1. Also on Y nDm0,
(!m0 +
p
 1@@ m)
 = e
'm(
y)
m:
Since  m converges uniformly on any compact set of Y ynDm0 to  1, we have on Y ynDm0,
(!m0 +
p
 1@@ 1)
 = lim
m!1(!m0 +
p
 1@@ log m)
n = lim
m!1e
'm(
y)
m = (
y)

y:
Let !y = !m0 +
p
 1@@ 1. Since it is a closed positive current on Y ynDm0 and it can be
extended to a closed positive current on Y .
Also (y)!m0 =
p
 1@@ log
m0 on Xyn(y) 1(Bs(jm0!KXj)). This implies that on
Xyn(y) 1(Bs(jm0!KXj)),
(
y)
!
y =
p
 1@@ log

y:
Furthermore, we have

m0

y =
(y)
m0
(y)
y and so
Ric(!
y) =
p
 1@@ log(
y)

y
=  !
y +
p
 1@@ log(
y)
m0  
p
 1@@ log
m0
=  !
y + !WP:
2
Proposition 4.8 and Proposition 4.9 conclude the proof of Theorem B.2.
4.5 Uniqueness assuming ﬁnite generation of the canonical ring
If the canonical ring (X;RX) is ﬁnitely generated, the canonical model Xcan is unique and can
be constructed by the pluricanonical system jmKXj for sufﬁciently large m. In this section,
we will prove the uniqueness of the canonical measures constructed in Section 4.3 and 4.4 by
assuming ﬁnite generation of the canonical ring. Furthermore, the canonical measure can be
considered as a birational invariant.
Theorem 4.2 Let X be an algebraic manifold of general type. If the canonical ring R(X;KX)
is ﬁnitely generated, the K¨ ahler-Einstein measure in Theorem B.1 is constructed in ﬁnite steps.
Furthermore, it is continuous on X and smooth on a Zariski open dense set of X.
Theorem 4.2 is an immediate consequence from the proof of Theorem B.1 with the assump-
tion of ﬁnite generation of the canonical ring. The following theorem is proved in [EyGuZe1].
Theorem 4.3 Let X be an algebraic manifold of general type. If the canonical ring R(X;KX)
is ﬁnitely generated, Xcan will have only canonical singularities and there exists a unique
K¨ ahler-Einstein metric !can on Xcan with a continuous potential.
Theorem C.1 is then proved as a corollary of Theorem 4.2 and Theorem 4.3.
37Corollary 4.4 Let X be an n-dimensional algebraic manifold of general type. Suppose that the
canonical ring R(X;KX) is ﬁnitely generated and  : X 99K Xcan is the pluricanonical map.
Let !can be the unique K¨ ahler-Einstein metric on Xcan as in Theorem 4.3 and 
KE = (!n
can).
Then (X;

 1
KE) coincides with the analytic Zariski decomposition constructed in Theorem B.1.
Proof Since the canonical ring R(X;KX) is ﬁnitely generated, the pluricanonical map is sta-
bilized for sufﬁciently large power so that the proof of Theorem B.1 terminates in ﬁnite steps.
It is then straightforward to check that the K¨ ahler-Einstein metric constructed in Theorem B.1
satisﬁes the same Monge-Amp` ere equation on the unique canonical model of X in Theorem 4.3
(see [EyGuZe1]).
We shall now prove Theorem C.2.
Deﬁnition 4.2 Suppose that X is an n-dimensional algebraic manifold of Kodaira dimension
0 <  < n and the canonical ring R(X;KX) is ﬁnitely generated. Let  : X 99K Xcan be
the pluricanonical map. There exists a nonsingular model Xy of X and the following diagram
holds
X X
y
Xcan
p p p p p p R 
 y
 
    	 y (4.25)
where y is barational and the generic ﬁbre of y has Kodaira dimension 0.
1. Then the pushforward measure 
 on Xcan is deﬁned by

 = (
y)
 
(
y)



: (4.26)
2. Let  = m be the pluricanonical map associated to a basis fjmg
dm
jm=0 of the linear
system jmKXj, for m sufﬁciently large. Let 
m =
Pdm
jm=0 jm 
 jm
 1
m
and !FS be the
Fubini-Study metric of CP
dm restricted on Xcan associated to m. Then we deﬁned  !WP
by
 !WP =
1
m
!FS +
p
 1@@ log
m: (4.27)
In particular,  !WP coincides with !WP in Deﬁnition 4.1 on a Zariski open set of Xcan.
Lemma 4.10 
 is independent of the choice of the diagram in Deﬁnition 4.2.
Proof Let  be a test function on Xcan. Then
Z
Xcan

 =
Z
Xy
 
(
y)


(
y)

 =
Z
X
(
)
;
which is independent of the choice of the diagram 4.25.
2
38Since the generic ﬁbre of y has Kodaira dimension 0, by the same argument in Lemma 4.5,
we have the following lemma.
Lemma 4.11 Let f
(1)
jp g
dp
jp=0 and f
(2)
jq g
dq
jq=0 be basis of the linear systems jpKXj and jqKXj,
for p and q sufﬁciently large. Let 
(1) =
Pdp
jp=0 jp 
 jp
 1
p
and 
(2) =
Pdq
jq=0 jq 
 jq
 1
q
.
Then (y)


(1)

(2)

is constant on any generic ﬁbre and so
(
y)



(1)

(2)

= (
y)



(1)

(2)

: (4.28)
Lemma 4.12 The deﬁnition of  !WP only depends on X.
Proof By Lemma 4.10, the deﬁnition of 
WP does not depend on the choice of the diagram
4.13. Let f
(1)
jp g
dp
jp=0 and f
(2)
jq g
dq
jq=0 be basis of the linear systems jpKXj and jqKXj, for p and q
sufﬁciently large. Let 
(1) =
Pdp
jp=0 jp 
 jp
 1
p
and 
(2) =
Pdq
jq=0 jq 
 jq
 1
q
.
Let !
(1)
FS and !
(2)
FS be the Fubini-Study metrics of CP
dp and CP
dq restricted on Xcan associ-
ated to p and q. Then by avoiding the base locus of R(Xy;KXy), there exist a Zariski open
set U of Xcan and a Zariski open set V of Xy, such that on V
1
p
(
y)
!
(1)
FS =
p
 1@@ log(
y)


(1);
1
q
(
y)
!
(2)
FS =
p
 1@@ log(
y)


(2)
and so on U,
1
p
!
(1)
FS  
1
q
!
(2)
FS =
p
 1@@ log


(1)

(2)

: (4.29)
Since 1
p!
(1)
FS and 1
q!
(2)
FS are in the same class, and log


(1)

(2)

is in L1(Xcan), Equation 4.29
holds everywhere on Xcan. Therefore the following equality completes the proof of the lemma
1
p
!
(1)
FS  
p
 1@@ log

(1) =
1
q
!
(2)
FS  
p
 1@@ log

(2):
2
Theorem 4.4 Suppose that X is an n-dimensional algebraic manifold of Kodaira dimension
0 <  < n. If the canonical ring R(X;KX) is ﬁnitely generated, Xcan is the canonical model
of X, then there exists a unique canonical measure 
can on X satisfying
1. 
can is continuous on X and smooth on a Zariski open set of X.
2. 0 <

can
	X;M
< 1 and (KX;
 1
can) is an analytic Zariski decomposition.
393. Let  : X 99K Xcan be the pluricanonical map. Then there exists a unique closed
positive (1;1)-current !can with bounded local potential on Xcan such that !can = p
 1@@ log
can outside the base locus of the pluricanonical system. Furthermore,
(!can)
 = 
can;
so on a Zariski open set of Xcan we have
Ric(!can) =  !can +  !WP:
Furthermore, 
can is invariant under birational transformations.
Proof If R(X;KX) is ﬁnitely generated, there exists the following diagram
X X
y
Xcan
p p p p p p R 
 y
 
    	 y
where Xcan is the canonical model of X and Xy is the resolution of the stable base locus of the
pluricanonical systems such that
 
y MKX = LM + EM for sufﬁciently large M, where LM
is globally generated and EM is the ﬁxed part of

 
y MKX

 with EM being a divisor with
normal crossings. Xy is an Iitaka ﬁbration over Xcan such that the generic ﬁbre has Kodaira
dimension 0. Let fjg
dM
j=0 be a basis of H0(X;MKX) and fjg
dM
j=0 be a basis of H0(X;LM)
such that
 

y
j = jEM:
Let 
 = y
PM
m=0
Pdm
jm=0 jjmj
2
m

be a degenerate smooth volume form on Xy and
! = 1
M
p
 1@@ log
PdM
j=0 jjj2

. Then the following Monge-Amp` ere equation has a unique
continuous solution ' on Xcan
 
! +
p
 1@@'

= e
'(
y)
: (4.30)
Furthermore, ' is smooth on a Zariski open set X
can of Xcan and so is !can = ! +
p
 1@@'.
Let  = 

(y)(y)
 be an (n   ;n   )-current on Xy. On a generic ﬁbre F, jF =  ^  
for some  2 H0(X;KF). So without loss of generality, we assume that on X
can,
!WP =
p
 1@@ log  
1
M
p
 1@@ logjEMj
2:
Therefore on X
can
Ric(!can) =  !can +  !WP:
40On the other hand, we deﬁne

can = ((
y)
 1)
 (e
'
) = e
'
 
M X
m=0
dm X
jm=0
jjmj
2
m
!
:
From the regularity of ', 
can is continuous on X and smooth on a Zariski open set of X and
p
 1@@ log
can =
p
 1@@ log
 
M X
m=0
dm X
jm=0
jjmj
2
m
!
+
p
 1@@
' = 
!can:
We then shall prove the uniqueness of 
can. Suppose there exists another measure 
0 sat-
isfying the assumptions in the theorem. Then let 
0 = e'0
. Since !FS =
p
 1@@ log

and
p
 1@@ log
0  
p
 1@@ log
 is a pullback from Xcan. Therefore on a Zariski open set a
generic ﬁbre F of y, we have
p
 1@F@F log(
y)



0


= 0

=
p
 1@F@F(
y)
'
0:
Since (y)'0 2 L1(F), (y)'0 is constant along F. So '0 descends to Xcan and satisﬁes
the following Monge-Amp` ere equation
(! +
p
 1@@'
0)
 = e
'0

: (4.31)
By the uniqueness of the solution of Equation 4.31, 
0 = 
can and we have proved the unique-
ness of 
can.
Finally we shall prove that 
can and !can are birational invariants. Suppose X(1) and X(2)
are birational with Xcan being the canonical model. Then we have the following diagram
X(1) X(2)
Xcan
p p p p p p R (1)
p p p p p p p p p p p p p p p 
f
p p p p p p 	 (2)
where f is birational, (1) and (2) are the pluricanonical maps. Fix 
 on X(1) as constructed as
in the proof of uniqueness, then by Hartog’s theorem, f
 is smooth and can be constructed the
same way. By replacing X(1) and X(2) by their Iitaka ﬁbration, it is straightforward to show that
(
(1))
 = (
(2)) (f

):
Let ((1))! =
p
 1@@ log
, 
(1) = e'(1)
 and 
(2) = e'(2)f
 be the unique canonical
measures on X(1) and X(2). Both '(1) and '(2) descend to PSH(X;!) \ L1(Xcan) and satisfy
(! +
p
 1@@')
 = e
'(
(1))
:
The uniqueness of the solution to the above Monge-Amp` ere equation implies that '(1) = '(2)
and so
f

(1) = 
(2):
2
415 The K¨ ahler-Ricci ﬂow
5.1 Reduction of the normalized K¨ ahler-Ricci ﬂow
Let X be an n-dimensional compact K¨ ahler manifold. A K¨ ahler metric can be given by its
K¨ ahler form ! on X. In local coordinates z1;:::;zn, we can write ! as
! =
p
 1
n X
i;j=1
gi jdzi ^ dz j;
where fgi jg is a positive deﬁnite hermitian matrix function. Consider the normalized K¨ ahler-
Ricci ﬂow 8
> <
> :
@!(t;)
@t
=  Ric(!(t;))   !(t;);
!(0;) = !0:
(5.1)
where Ric(!(t;)) denotes the Ricci curvature of !(t;) and !0 is a given K¨ ahler metrics.
Let Ka(X) denote the K¨ ahler cone of X, that is,
Ka(X) = f[!] 2 H
1;1(X;R) j [!] > 0g:
Suppose that !(t;) is a solution of (5.1) on [0;T). Then its induced equation on K¨ ahler classes
in Ka(X) is given by the following ordinary differential equation
8
> <
> :
@[!]
@t
=  2c1(X)   [!]
[!]jt=0 = [!0]:
(5.2)
It follows
[!(t;)] =  2c1(X) + e
 t([!0] + 2c1(X)):
Now if we assume that canonical bundle KX is semi-positive, then for a sufﬁciently large integer
m, the pluricanonical map associated to H0(X;mKX) gives rise to an algebraic ﬁbre space
f : X ! Xcan, where Xcan is the canonical model of X. Recall the Kodaira dimension kod(X)
of X is deﬁned to be the dimension of Xcan. Moreover, there is a smooth K¨ ahler form  as
the Fubini-Study metric associated to a basis of H0(X;mKX) on the normal K¨ ahler space Xcan
such that f represents  2c1(X). Choose the reference K¨ ahler metric !t by
!t =  + e
 t(!0   ): (5.3)
Here we abuse the notation by identifying  and f for simplicity. Then the solution of (5.1)
can be written as
! = !t +
p
 1@@':
We can always choose a smooth volume form 
 on X such that Ric(
) = . Then the evolution
for the K¨ ahler potential ' is given by the following initial value problem:
8
> > <
> > :
@'
@t
= log
e(n )t(!t +
p
 1@@')n


  '
'jt=0 = 0;
(5.4)
42where  = kod(X).
5.2 K¨ ahler-Ricci ﬂow on algebraic manifolds with semi-positive canonical
line bundle
Theorem 5.1 Let X be a nonsingular algebraic variety with semi ample canonical line bundle
KX and so X admits a holomorphic ﬁbration over its canonical model Xcan f : X ! Xcan.
Then for any initial K¨ ahler metric, the K¨ ahler-Ricci ﬂow (1.1) has a global solution !(t;) for
all time t 2 [0;1) satisfying:
1. !(t;) converges to f!1 2  2c1(X) as currents for a positive current !1 on .
2. !1 is smooth on X
can and satisﬁes the generalized K¨ ahler-Einstein equation on X
can
Ric(!1) =  !1 + !WP; (5.5)
where !WP is the induced Weil-Petersson metric.
3. for any compact subset K 2 Xreg, there is a constant CK such that
jjR(t;)jjL1(K) + e
(n )t sup
f 1(s)2K
jj(!(t;))
n jf 1(s)jjL1  CK: (5.6)
Corollary 5.1 Let X be a nonsingular algebraic variety with semi-ample canonical bundle. If
X
can = Xcan, i.e., Xcan is nonsingular and f : X ! Xcan has no singular ﬁbres, then for any
initial K¨ ahler metric, the K¨ ahler-Ricci ﬂow (1.1) converges to a smooth limit metric f!1 2 KX
satisfying
Ric(!1) =  !1 + !WP: (5.7)
Step 1. Zeroth order and volume estimates
We will ﬁrst derive the zeroth order estimates for ' and
d'
dt .
Lemma 5.1 Let ' be a solution of the K¨ ahler-Ricci ﬂow (5.4). There exists a constant C > 0
such that on [0;1)  X
1. '  C,
2.
@'
@t  C,
3.
e(n )t!n


 C.
Proof The lemma is a straightforward application of the maximum principle and can be proved
by the same argument as in [SoTi].
2
43Proposition 5.1 There exists a constant C > 0 such that on [0;1)  X
j'j  C: (5.8)
Proof Rewrite the parabolic ﬂow as a family of Monge-Amp` ere equations
(!t +
p
 1@@')
n = e
@'
@t +' (n )t
:
We will apply Theorem 2.5 by letting F(t;) = e
@'
@t +' (n )t. Notice that there exists a
constant C1 > 0 such that 0 < F  C1e (n )t,
e (n )t
C1
 [!t]
n  C1e
 (n )t
and
e (n )t
C1

 ^ !
n 
0  !
n
t  C1e
 (n )t
:
The assumptions in Theorem 2.5 for F and !t are satisﬁed. Therefore supX '   infX ' is
uniformly bounded for all t 2 [0;1). Since ' is uniformly bounded from above, the proposition
is proved and the uniform C0-estimate is obtained.
2
The following estimate can be proved in the same way as in [SoTi].
Lemma 5.2 There exists a divisor D on Xcan and constants C1 and C2 > 0 such that
@'
@t
 C1 logjSj
2
h   C2; (5.9)
where S is a deﬁning section of fD and h is a ﬁxed smooth hermitian metric of the line bundle
associated to [fD].
Step 2. Partial second order estimates and collapsing
Proposition 5.2 There exist a divisor D on Xcan and constants , C > 0 such that
tr!() 
C
jSj2
h
; (5.10)
where S is a deﬁning section of fD and h is smooth hermitian metric of the line bundle asso-
ciated to the divisor [fD].
Proof Since Xcan might be singular, we can consider the nonsingular model f0 : X0 ! Y 0 for
f : X ! Xcan such that following diagram commutes
X X
0
Xcan Y
0
?
f
 
?
f0


44where  and  are birational.
Let '0 = ', 0 = , !0
0 = ! and !0 = !. We also write 0 for (f0)0 for
simplicity.
Let  be a K¨ ahler form on Y 0 such that   0. For simplicity, we identify  and 0 with
(f0) and (f0)0. Since 0 is semi-positive induced by the Fubini-Study metric and it only
vanishes along a subvariety of Y 0 with ﬁnite order, there exists a divisor D1 on Y 0 such that
 
1
jS1j2
h1

0;
where S1 is a deﬁning section of (f0)D1 with h1 a smooth hermitian metric of the line bundle
associated to [(f0)D1]. Without loss of generality, we can assume that the support of D in
Lemma 5.2 is contained in D1.
Let
u = trg0() = (g
0)
ijij;
where g0 is the K¨ ahler metric associated to !0. The K¨ ahler-Ricci ﬂow for ! can be pulled back
to the K¨ ahler-Ricci ﬂow for !0 on X0 outside the exceptional divisors. Let 0 be the Laplace
operator associated to g0. We have then
trg0() 
1
jS1j2
h1
trg0(
0):
Following the similar calculation in [SoTi], we have

@
@t
  
0

logu  C(u + 1) (5.11)
Since [0] is big and semi-ample, there exists a divisor D2 on Y 0 such that [0]   [D2] is
ample for any  > 0. Then let S2 be the deﬁning section for (f0)D2 and there exists a smooth
hermitian metric h2 on the line bundle associated to [D2] such that

0   h2 = 
0 + 
p
 1@@ logh2 > 0:
For simplicity, we identify h2 and (f0)h2.
Let D3 be a divisor on X0 containing the exceptional divisor of  on X0. Let S3 be the
deﬁning section of [D3]. There exists a smooth hermitian metric h3 on the line bundle associated
to [D3] such that for all sufﬁciently small  > 0
!
0
0 + h3  0:
We deﬁne
'
0
 = '
0   logjS2j
2
h2:
Then there exists a constant C > 0 depending on  such that

0'
0
 = n   trg0(!
0
t   h2)  n   Ctrg0   e
 ttrg0(!
0
0) = n   Cu   e
 ttrg0(!
0
0):
45Calculate for sufﬁciently large A > 0 and small  > 0 and  > 0

@
@t
  
0

log

jS1j
4
h1jS3j
2e t
h3 u

  2A'
0


  Au + C   e
 t logjS3j
2
h3   2A
@'
@t
0
:
for all t > 0 in X0n(D1 [ D2 [ D3).
The maximum of log

jS1j4
h1jS3j2e t
h3 u

 2A'0
 can only be achieved on X0n(D1[D2[D3).
The maximum principle implies that there exist constants , C > 0 independent of  such that
for all (t;z) 2 [0;1)  X0
u(t;z)  C

jS1j
 2
h1 jS2j
 2
h2 jS3j
 2e t
h3

(z):
The proposition is then proved by letting  ! 0.
2
From the uniform upper bound of !n, one immediately concludes that the volume of a reg-
ular ﬁbre of f tends to 0 exponentially fast uniformly away from the singular ﬁbres.
Corollary 5.2 There exists a divisor D on Xcan and constants , C > 0 such that for all t  0
and s 2 Xcan
 
!jXs
n 
 
!0jXs
n   e
 (n )t C
jSj2
h
; (5.12)
where !0jXs and !jXs are the restriction of !0 and !s on Xs = f 1(s), S is a deﬁning section
of fD and h is smooth hermitian metric of the line bundle associated to the divisor [fD].
Proof Notice that
 
!jXs
n 
 
!0jXs
n  =
!n  ^ 
!
n 
0 ^  =
!n  ^ 
!n
!n
!
n 
0 ^   C

!n 1 ^ 
!n
 !n
!
n 
0 ^ :
The corollary is then proved by Lemma 5.1 and Proposition 5.2.
2
Corollary 5.3 For any compact set K  X
can, there exists a constant CK such that for all t  0
and s 2 K
sup
Xs
'(t;)   inf
Xs
'(t;)  CKe
 t: (5.13)
Proof The Poincare and Sobolev constants with respect to !0jXs for s 2 K are uniformly
bounded. The proof of the corollary is achieved by Corollary 5.2 and Moser’s iteration in Yau’s
C0-estimate for the Calabi conjecture.
2
46Step 3. Gradient estimates The gradient estimates in this section are obtained in the same way
as in [SoTi] and it is an adaption from the gradient estimate in [ChYa] and the argument in [Pe]
to obtain a uniform bound for
 r
@'
@t
 
g and the scalar curvature R. Let u =
@'
@t +' = log e(n )t!2

 .
The evolution equation for u is given by
@u
@t
= u + tr!()   (n   ): (5.14)
We will obtain a gradient estimate for u, which will help us bound the scalar curvature from
below. Note that u is uniformly bounded from above, so we can ﬁnd a constant A > 0 such that
A   u  1.
Theorem 5.2 There exist constants , C > 0 such that
1. jSj2
h jruj2  C(A   u);
2.  jSj2
h u  C(A   u);
where r is the gradient operator with respect to the metric g associated to ! along the ﬂow and
j  j = j  jg.
Theorem 5.2 is proved the same way as in [SoTi] with little modiﬁcation. The following
corollary is immediate by Theorem 5.2, Lemma 5.1 and Lemma 5.2.
Corollary 5.4 For any  > 0, there exist constants , C > 0 such that
1. jSj2
h jruj2  C;
2.  jSj2
h u  C:
Now we are in the position to prove a uniform bound for the scalar curvature. The following
corollary tells that the K¨ ahler-Ricci ﬂow will collapse with bounded scalar curvature away from
the singular ﬁbres.
Corollary 5.5 Along the K¨ aher-Ricci ﬂow (1.1) the scalar curvature R is uniformly bounded on
any compact subset of Xreg. More precisely, there exist constants , C > 0 such that
 C  R 
C
jSj2
h
: (5.15)
Proof It sufﬁces to give an upper bound for R since the scalar curvature R is uniformly bounded
from below by the maximum principle (cf. [SoTi]). Notice that Rij =  uij   ij and then
R =  u   tr!():
By Corollary 5.4 and the partial second order estimate, there exist constants 6, C > 0 such that
R 
C
jSj2
h
:
2
47Step 4. Uniform convergence
Let '1 be the unique solution solving equation (3.12) in Theorem 3.2. We identify f'1 and
'1 for convenience.
Since KX is semi-ample, there exists an ample line bundle L on Xcan such that KX =
f  L = 1
mfO(1) for a ﬁxed pluricanonical map. Let D be an ample divisor on Xcan such that
[D] = [L] for a sufﬁciently large integer , Xcan n X
can  D and '1 2 C1(Xcan n D). Let
SD be the deﬁning section of D. Let hFS be the Fubini study metric on O(1) induced by the
pluricanonical map. Then there exists a continuous hermitian metric hD = (hFS)

m e '1 on
L such that  
p
 1@@ loghD = 1 since '1 is continuous.
We deﬁne
Br(D) = fy 2 Xcan j dist(y;D)  rg
be the geodesic tubular neighborhood of D with respect to  and we let Br(D) = f 1 (Br(D)).
Since '1 is bounded on X and ' is uniformly bounded from above. Therefore for any
 > 0, there exists r > 0 with lim!0 r = 0, such that for any z 2 Br(D) and t  0 we have
 
'   '1 + logjSDj
2
hD

(t;z) <  1
and  
'   '1   logjSDj
2
hD

(t;z) > 1
Let  be a smooth cut off function on Xcan such that  = 1 on Xcam n Br(D) and  = 0
on B r
2 (D).
Suppose the semi-ﬂat closed form is given by !SF = !0 +
p
 1@@SF and SF blows up
near the singular ﬁbres. We let  be an approximation for SF given by
 = (f
)SF:
We also deﬁne !SF; = !0 +
p
 1@@. Now we deﬁne the twisted difference of ' and '1 by
 
 
 = '   (1 + )'1   e
 t + logjSDj
2
hD
and
 
+
 = '   (1   )'1   e
 t   logjSDj
2
hD
where SD is the deﬁning section of D and h is a ﬁxed smooth hermitian metric of the line bundle
induced by [D]. We identify f  
jSDj2
hD

and jSDj2
hD for convenience.
Proposition 5.3 There exists 0 > 0 such that for any 0 <  < 0, there exists T > 0 such that
for any z 2 X and t > T we have
 
 
 (t;z)  2: (5.16)
and
 
+
 (t;z)   2: (5.17)
48Proof The evolution equation for   
 is given by
@  

@t
= log
e(n )t((1 +    e t)1 + e t!SF; +
p
 1@@  
 )n
Cn;
1 ^ !
n 
SF
   
 
   '1 + logjSj
2
h:
(5.18)
Since  is bounded on X, we can always choose T1 > 0 sufﬁciently large such that for t > T1
1.   
 (t;z) <  1
2 on Br(D),
2.
P 1
p=0 Cn;pe (n p)t
  

p
1^!
n p
SF

1^!n 
SF
     on X n Br(D).
We will discuss in two cases for t > T1.
1. If   
;max(t) = maxX   
 (t;) =   
 (t;zmax;t) > 0 for all t > T1. Then zmax;t 2 X n
Br(D) for all t > T1 and so !SF;(zmax;t) = !SF(zmax;t). Applying the maximum
principle at zmax;t, we have
@  

@t
(t;zmax;t)


log
e(n )t((1 +    e t)1   '1 + e t!SF;)n
Cn;
1 ^ !
n 
SF
   
 
   '1 + logjSj
2
h

(t;zmax;t)
=
0
B B
@log
P
p=0

n


(1 +    e t)pp
1 ^ !
n p
SF;

n



1 ^ !
n 
SF
   
 
   '1 + logjSj
2
h
1
C C
A(t;zmax;t)
   
 
 (t;zmax;t) + log(1 + (A + 1)) + :
Applying the maximum principle again, we have
 
 
  (A + 2) + O(e
 t)  (A + 3)); (5.19)
if we choose  sufﬁciently small in the beginning and then t sufﬁciently large.
2. If there exists t0  T1 such that maxz2X   
 (t0;z) =   
 (t0;z0) < 0 for some z0 2 X.
Assume t1 is the ﬁrst time when maxz2X;tt1   
 (t;z) =   
 (t1;z1)  (A + 3). Then
z1 2 X n Br(D) and applying the maximum principle we have
 
 
 (t1;z1) 
0
B B
@log
e(n )t((1 +    e t)1 + e t!SF;)n

n



1 ^ !
n 
SF
   
 
   '1 + logjSj
2
h
1
C C
A(t1;z1)
 log(1 + (A + 1)) +  < (A + 2):
49which contradicts the assumption that   
 (t1;z1)  (A + 3). Hence we have
 
 
  (A + 3):
By the same argument we have
 
+
   (A + 3):
This completes the proof. 2
Proposition 5.4 On any compact set K of XnD, we have
lim
t!1jj'(t;)   '1()jjC0(K) = 0: (5.20)
Proof By Proposition 5.3, we have for t > T
'1(t;z) + logjSj
2
h(t;z)   3  '(t;z)  '1(t;z)   logjSj
2
h(t;z) + 3:
Then the proposition is proved by letting  ! 0.
2
5.3 K¨ ahler-Ricci ﬂow and minimal model program
The K¨ ahler-Ricci ﬂow on algebraic manifolds of positive Kodaira dimension seems to be closely
related to the minimal model program in algebraic geometry.
For any nonsingular minimal model X of positive Kodaira dimension, the canonical line
bundle KX is nef and so the K¨ ahler-Ricci ﬂow (5.1) has long time existence [TiZha]. The
abundance conjecture predicts that KX is semi-ample, hence the canonical ring of X is ﬁnitely
generated. If we assume the abundance conjecture, the K¨ ahler-Ricci ﬂow will converge to the
unique canonical metric on the canonical model Xcan associated to X for any initial K¨ ahler
metric by Theorem A.
If X is not minimal, the K¨ ahler-Ricci ﬂow (5.1) will develop ﬁnite time singularities. Let T1
be the ﬁrst time such that e t[!0] (1 e t)2c1(X) fails to be a K¨ ahler class. Adopting argu-
ments in [TiZha], one can show that there is a unique limiting current !T1() = lim
t!T 
1
!(t;) 2
e
 T1[!0] (1 e
 T1)2c1(X) and it is smooth outside an analytic subvariety of X. Furthermore,
the local potential 'T1 of !T1 is continuous. We conjecture that X1, the metric completion of
!T1, is again an algebraic variety and X1 can be obtained by certain standard algebraic procedure
such as a blow-down or ﬂip. It is reasonable to expect that such a variety X1 does not have too
bad singularities. In particular, we expect that a weak K¨ ahler-Ricci ﬂow can be deﬁned on X1.
Suppose this is true, we hope that the above procedure can be repeated as long as the canonical
line bundle is not nef. We further conjecture that after repeating the above process ﬁnitely many
times, we obtain the metric completions X1, X2, ... , XN such that KXN is nef ! Consequently,
XN is a minimal model of X.
It provides a new understanding of the minimal model program from an analytic point of
view. We believe that it is interesting to further explore this connection between the minimal
model program and the study of the regularity and convergence problem of the K¨ ahler-Ricci
ﬂow on algebraic varieties.
506 Adjunction formulas for energy functionals
6.1 Generalized constant scalar curvature K¨ ahler metrics
In fact, the canonical metrics in Section 3 belong to a class of K¨ ahler metrics which generalize
Calabi’s extremal metrics. Let Y be a K¨ ahler manifold of complex dimension n together with
a ﬁxed closed (1,1)-form . Fix a K¨ ahler class [!], denote by K[!] the space of K¨ ahler metrics
within the same K¨ ahler class, that is, all K¨ ahler metrics of the form !' = ! +
p
 1@ @'. One
may consider the following equation:
 @V' = 0; (6.1)
where V' is deﬁned by
!'(V';) =  @(S(!')   tr!'()): (6.2)
Clearly, when  = 0, (6.1) is exactly the equation for Calabi’s extremal metrics. For this reason,
we call a solution of (6.1) a generalized extremal metric. If Y does not admit any nontrivial
holomorphic vector ﬁelds, then any generalized extremal metric !' satisﬁes
S(!')   tr!'() = ; (6.3)
where  is the constant given by
 =
(2c1(Y )   [])  [!]n 1
[!]n :
Moreover, if 2c1(Y )   [] = [!], then any such a metric satisﬁes
Ric(!') = !' + ;
that is, !' is a generalized K¨ ahler-Einstein metric. This can be proved by an easy application of
the Hodge theory. More interestingly, if we take  to be the pull-back of !WP by f : X
can !
MCY, then we get back those generalized K¨ ahler-Einstein metrics which arise from limits of
the K¨ ahler-Ricci ﬂow.
Let f : X !  be a K¨ ahler surface admitting a non-singular holomorphic ﬁbration over
a Riemann surface  of genus greater than one, with ﬁbres of genus at least 2. Let V be the
vertical tangent bundle of X and [!t] =  fc1()   tc1(V ).
Let  be a K¨ ahler form in  c1() and !0 2  c1(V ). Then !0 = !H  , where !H is the
hyperbolic K¨ ahler form on each ﬁber and  is a smooth function on X. We then set
!t =  + t!0:
The following theorem is proved by Fine in [Fi].
Theorem 6.1 For t > 0 sufﬁcientlysmall, thereexistsaconstantscalarcurvatureK¨ ahlermetric
in [!t]. Furthermore, such a family of constant scalar curvature K¨ ahler metrics converge to a
K¨ ahler metric 1 on  deﬁned by
S(1)   tr1() = const: (6.4)
where  is the Weil-Petersson metric pulled back from the moduli spaces of the ﬁbre curves.
516.2 Asymptotics of the Mabuchi energy by the large K¨ ahler structure lim-
its
Let X be an n-dimensional compact K¨ ahler manifold and ! a K¨ ahler form. The Mabuchi energy
functional K!() is deﬁned on PSH(X;!) as follows
K!(') =
Z
X
log
!n
'
!n!n
'  
n 1 X
j=0
Z
X
'Ric(!) ^ !j ^ !n j 1
' +
n
n + 1
n X
j=0
Z
X
'!j ^ !n j
' ; (6.5)
where !' = ! +
p
 1@@' and  =
2c1(X)[!]n 1
[!]n :
Deﬁnition 6.1 Let X be a compact K¨ ahler manifold of complex dimension n. Let ! be a K¨ ahler
metric and  a closed (1;1)-form on X. Then the generalized Mabuchi energy functional K!;()
is deﬁned by
K!;(') =
Z
X
log
!n
'
!n!n
'  
n 1 X
j=0
Z
X
'(Ric(!)   ) ^ !j ^ !n j 1
' +
n
n + 1
n X
j=0
Z
X
'!j ^ !n j
' ; (6.6)
where  =
(2c1(X) [])[!]n 1
[!]n :
The following proposition can be proved by straightforward calculation.
Proposition 6.1
K!; =  
Z
X
'
 
S(!')   tr!'()

!
n
': (6.7)
Therefore
K!;(') =  
Z 1
0
Z
X
_ 't (S(!t)   tr!t())!
n
t dt (6.8)
where f'tgt2[0;1] is a smooth path in PSH(X;!) with '0 = 0 and '1 = ', and !t = ! + p
 1@@'t. The formula 6.8 is independent of the choice of the path 't.
LetX beann-dimensionalcompactK¨ ahlermanifoldwithsemi-amplecanonicallinebundle.
Suppose 0 < kod(X) =  < n and Xcan = X
can, i.e., Xcan is nonsingular and the algebraic
ﬁbration f : X ! Xcan has no singular ﬁbre.
Fix  2  c1(X) as in Section 3.1 and !0 an arbitrary K¨ ahler form with
R
Xs !
n 
0;s = 1, where
Xs = f 1(s) and !0;s = !0jXs. Let !t =  + t!0 and !' = !t +
p
 1@@'. Let !SF be the
semi-ﬂat form in [!0]. Then ' can always be decomposed as
' =  ' + t 
where  ' =
R
Xy '!
n k
SF is the push-forward of ' with respect to the ﬂat metric on the ﬁbres.
Theorem 6.2 Along the above class deformation of the K¨ ahler class on X,
K!t(') =
 
n


t
n   
K;!WP( ') + +L; ';!0( )

+ O(t
n +1) (6.9)
52and
L; ';!0( ) =
Z
s2Xcan
 Z
Xs
log
!
n 
 ;s
!
n 
0;s
!
n 
 ;s
!


 ' (6.10)
 
n  1 X
j=0
 X
i=0
Ai;j
Z
s2Xcan
Z
Xs
 Ric(!0;s) ^ !
j
0;s ^ !
n  1 j
 ;s


i ^ 
 i
 ' ;
where Ai;j =
 
n

 1  
i + j
i
 
n   1   i   j
   i

and K;!WP() is the generalized Mabuchi energy
on Xcan.
In particular, when  =  ',
L; ';!0( ) =
Z
s2Xcan
K!0;s( )
;
where K() is the Mabuchi energy on Xcan, L; '!0() is deﬁned by
Proof The proof boils down to direct computation. First, calculate
Z
X
log
!n
'
!n!n
' = tn k

n

 Z
X
log

 '

 ' +
Z
Xcan
 Z
Xy
log
!n 
 
!n !n 
 
!

 ' + O(t)
!
: (6.11)
Also
 
n 1 X
j=0
Z
X
'Ric(!) ^ !
j ^ !
n j 1
'
= t
n 
 1 X
j=1

n

Z
Xcan
 '( Ric() + !WP) ^ 
j ^ 
 j 1
 '
 t
n 
n  1 X
j=0
+j X
i=j
Ai;j
Z
s2Xcan
Z
Xs
Ric(!0;s) ^ !
j
0;s ^ !
n  1 j
 ;s


i ^ 
 i
 ' + O(t
n +1)
and
n X
j=0
Z
X
'!
j
t ^ !
n j
' =

n + 1
 + 1

t
n 
 X
j=0
Z
Xcan
 '
j ^ 
 j
 ' + O(t
n +1): (6.12)
The theorem follows from straightforward calculation by combining the above formulas.
K!t(')
=
 
n


t
n 
Z
Xcan
log

 '


 '  
Z
Xcan
 '(Ric()   !WP) ^ 
j ^ 
 j
 ' +
 
 + 1
Z
Xcan
 '
j ^ 
 j
 '

+
 
n


t
n 
Z
s2Xcan
 Z
Xs
log
!
n 
 ;s
!
n 
0;s
!
n 
 ;s
!


 '
 t
n 
n  1 X
j=0
m+j X
i=j
Z
s2Xcan
Z
Xs
Ric(!0;s) ^ !
j
0;s ^ !
n  1 j
 ;s


i j ^ 
m i+j
 '
+O(t
n +1);
53where   =
(2c1(Xcan) [!WP])[] 1
[] .
2
We also investigate the asymptotics of the Mabuchi energy in the case of a ﬁbred space
studied by Fine in [Fi].
Let f : X !  be a K¨ ahler surface admitting a non-singular holomorphic ﬁbration over ,
with ﬁbres of genus at least 2. We also assume c1() < 0. Let V be the vertical tangent bundle
of X and [!t] =  fc1()   tc1(V ).
Let , !0 2  c1(V ) and !t be deﬁned as in Section 6.1. We consider the asymptotics of the
Mabuchi energy K!t() as t tends to 0.
Theorem 6.3 Let !0 2  c1(V ) be a closed (1;1) such that its restriction on each ﬁbre is a
hyperbolic metric. Let !t =  + t!0 and !' = !t +
p
 1@@' be a metric deformation, where
' 2 C1(). Then we have
K!t(') = 2tK;(') + O(t
2): (6.13)
Theorem 6.2 and Theorem 6.3 can be considered as an adjunction type formula for the
Mabuchi energy on an algebraic ﬁbre space.
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